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UNCERTAINTY PRINCIPLES ASSOCIATED WITH THE SHORT
TIME QUATERNION COUPLED FRACTIONAL FOURIER

TRANSFORM

Bivek Gupta, Amit K. Verma and Ravi P. Agarwal

Abstract. In this paper, we extend the coupled fractional Fourier transform of complex
valued functions to that of the quaternion valued functions on R4 and call it the quaternion
coupled fractional Fourier transform (QCFrFT). We obtain the sharp Hausdorff-Young in-
equality for QCFrFT and obtain the associated Rènyi uncertainty principle. We also define
the short time quaternion coupled fractional Fourier transform (STQCFrFT) and explore its
important properties followed by the Lieb’s and entropy uncertainty principles.

1. Introduction

Based on the knowledge that the Hermite functions are the eigenfunctions of the
Fourier transform (FT) with eigenvalues ein

π
2 , Namias [27] introduced in 1980 the

fractional Fourier transform (FrFT) with angle θ as an integral transform whose
eigenfunctions are the Hermite functions but with eigenvalues einθ, and which is
reduced to FT when θ = π

2 . This was later refined by McBride and Kerr [22,23]. The
extension of FrFT to higher dimensions can be seen in [30], where the kernel of the
transform has been obtained by taking the tensor product of n copies of the kernel of
the one-dimensional transform. Following the ideas of Namias and the fact that the
Hermite functions of two complex variables are eigenfunctions of the two-dimensional
FT, Zayed introduced in [33,34] a new definition of the two-dimensional FrFT Fθ1,θ2 ,
which is not a tensor product of two copies of the one-dimensional transform and is
given as follows

(Fθ1,θ2f)(y) = d̃(µ)

∫
R2

f(x)e−i{ã(µ)(|x|2+|y|2)−x·My}dx, (1)

2020 Mathematics Subject Classification: 11R52, 42B10, 42A05

Keywords and phrases: Quaternion coupled fractional Fourier transform; short time quater-
nion coupled fractional Fourier transform; Lieb’s uncertainty principle.

84



B. Gupta, A. K. Verma, R. P. Agarwal 85

where θ1, θ2 ∈ R and are such that θ1 + θ2 /∈ 2πZ and µ = θ1+θ2
2 , ν = θ1−θ2

2 , ã(µ) =

cosµ
2 , b̃(µ, ν) = cos ν

sinµ , c̃(µ, ν) = sin ν
sinµ , d̃(µ) = ie−iµ

2π sinµ , M =

(
b̃(µ, ν) c̃(µ, ν)

−c̃(µ, ν) b̃(µ, ν)

)
. Fur-

thermore, the transform depends on the angles θ1 and θ2, which are coupled, so that
the transform parameters are µ = θ1+θ2

2 and ν = θ1−θ2
2 . Kamalakkannan et al. [19]

proved the Parseval identity, the inversion theorem and that the class {Fθ1,θ2 : θ1, θ2 ∈
R, θ1 + θ2 /∈ 2πZ} is a family of unitary operators on L2(R2) which has the additive
property Fθ′

1,θ
′
2(Fθ1,θ2f) = Fθ1+θ′

1,θ2+θ′
2f for θ1+θ2, θ

′
1+θ′2, θ1+θ2+θ′1+θ′2 /∈ 2πZ.

Kamalakkannan et al. [17] extended the FrFT to the n-dimensional FrFT, which is
more general than that in [30], and introduced a corresponding convolution structure
followed by the convolution theorem. Recently, Shah et al. [28] obtained the Heisen-
berg uncertainty principle (UP), followed by the local and logarithmic UPs. They
also established some concentration-based UP including Amrein-Berthier-Benedicks,
Donoho-Stark’s UPs, etc.

Although CFrFT generalizes FrFT to two dimensions, it cannot reproduce the local
information of non-transient signals due to the presence of a global kernel. Therefore,
Kamalakkannan et al. [18] developed a short-time coupled fractional Fourier transform
(STCFrFT) and obtained the associated Parseval and inversion formulas, followed by
some associated UPs.

The quaternion Fourier transform (QFT) introduced by Ell [11] is useful in an-
alyzing H-valued, i.e. quaternion-valued functions. Due to the non-commutativity
of the quaternion product, the QFT can be categorized into different types, namely
left-sided, right-sided and two-sided [4, 5, 11]. For the right-sided QFT, Cheng et
al. [9] discussed the Plancherel theorem and also obtained its relation to the other
two QFTs. Lian [24], proved Pitt’s inequality, logarithmic UP (see also [8]), entropy
UP for the two-sided QFT with optimal constants. Also in [25], the author gave
the sharp Hausdorff-Young (H-Y) inequality together with the Hirschman’s entropy
UP for two-sided QFT using the standard differential approach. Recently, the QFT
has been generalized to the quaternion FrFT (QFrFT) and also to the quaternion
quadratic phase Fourier transform (QQPFT) [2, 14]. If the kernels in the definition
of the two-sided QFT [26] of the function defined on R2 are replaced by those of the
kernels of the FrFT [1, 27, 30], the two-sided QFrFT is obtained. Similarly, the other
variant of the QFrFT can be found in [31].

The generalization of the classical windowed Fourier transform to H-valued func-
tions on R2 can be found in [6]. The authors obtained some important properties
using the properties of right-sided QFT [5]. They also obtained the Heisenberg UP
for the quaternion windowed Fourier transform (QWFT) by using the same tech-
nique as Wilczok [32]. In [3], the authors also obtained Pitt’s inequality and Lieb’s
inequality for the right-sided QWFT introduced in [6]. In addition to the orthogo-
nality property for the two-sided QWFT, the authors in [20,21] studied several UPs,
including Beckner’s UP in terms of entropy and Lieb’s UP. Substituting the Fourier
kernel in the left, right or two-sided QWFT with the fractional Fourier kernels, results
in the corresponding QWFrFT.

As already mentioned, some important properties as well as the UPs of the CFrFT
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and the STCFrFT for the complex-valued function have been investigated. It is
natural to extend these transforms to quaternionic setting. As far as we know, these
transforms have not yet been introduced forH-valued functions. This paper deals with
the two-sided QCFrFT. We derive the sharp H-Y inequality for QCFrFT, followed by
the Rènyi entropy UP for QCFrFT. We also introduce the STQCFrFT and obtain its
inner product relation and reconstruction formula in addition to its basic properties
such as linearity, translation, etc. The Lieb’s and entropy UPs for the proposed
STQCFrFT is obtained with the aid of QCFrFT’s sharp H-Y inequality.

The paper is organised as follows: In Section 2, we recall some basics of quaternion
algebra. In Section 3, we define the two sided QCFrFT and establish its various
important properties. In Section 4, we define the two sided STQCFrFT and study its
properties together with the Lieb’s and entropy UPs, followed by an example of the
STQCFrFT. Finally, in Section 5, we conclude this paper.

2. Preliminaries

Let H = {s = s0 + is1 + js2 + ks3 : s0, s1, s2, s3 ∈ R} be the quaternion algebra,
where i, j and k are the imaginary units satisfying the Hamilton’s multiplication rules
i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j. For a quaternion
s = s0 + is1 + js2 + ks3, we define the following terms

� Sc(s) = s0, called the scalar part of s which satisfies the cyclic multiplicative
symmetry [15], i.e., Sc(qrs) = Sc(sqr) = Sc(rsq), ∀ q, r, s ∈ H.

� the quaternion conjugate s̄ = s0−is1−js2−ks3, which satisfies rs = s̄r̄, r + s =
r̄ + s̄, ¯̄s = s, ∀ r, s ∈ H.

� the modulus |s| =
√
ss̄ =

(∑3
l=0 s

2
l

) 1
2

, which satisfies |rs| = |r||s|, ∀ r, s ∈ H.

A H-valued function g defined on Rn is of the form g(t) = g0(t) + ig1(t) + jg2(t) +
kg3(t), t ∈ Rn, where g0, g1, g2 and g3 are real valued. The Lq-norm, 1 ≤ q < ∞, of
g is defined by

∥g∥Lq
H(Rn) =

(∫
Rn

|g(t)|q dt
) 1

q

(2)

and the collection of all measurable H-valued functions having finite Lq-norm is a
Banach space denoted by Lq

H(Rn). L∞
H (Rn) is the set of all essentially bounded

measurable H-valued functions with norm

∥g∥L∞
H (Rn) = ess supt∈Rn |g(t)|. (3)

Moreover, the H-valued inner product

(g, h) =

∫
Rn

g(t)h(t) dt, (4)
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with symmetric real scalar part ⟨g, h⟩ = Sc
(∫

Rn g(t)h(t) dt
)
makes L2

H(Rn) a Hilbert

space, with the norm given in (2) expressed as

∥g∥L2
H(Rn) =

√
⟨g, g⟩ =

√
(g, g) =

(∫
Rn

|g(t)|2 dt
) 1

2

. (5)

3. Quaternion Coupled Fractional Fourier transform (QCFrFT)

In this section, we define two-sided QCFrFT and look at some of its key characteristics.

Definition 3.1. Let α = (θ1, θ2),β = (θ′1, θ
′
2) ∈ R2 such that θ1+ θ′1, θ2+ θ′2 /∈ 2πZ.

The QCFrFT of f ∈ L2
H(R4), x = (x1,x2) ∈ R2 × R2, is defined by

(Fα,β
H f)(ω) =

∫
R4

Ki
θ1,θ′

1
(x1,ω1)f(x)Kj

θ2,θ′
2
(x2,ω2) dx, (6)

ω = (ω1,ω2) ∈ R2 × R2

where Ki
θ1,θ′

1
(x1,ω1) = d̃(γ1)e

−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1} (7)

and Kj
θ2,θ′

2
(x2,ω2) = d̃(γ2)e

−j{ã(γ2)(|x2|2+|ω2|2)−x2·M2ω2}, (8)

with γ1=
θ1+θ′

1

2 , δ1=
θ1−θ′

1

2 , ã(γ1)=
cos γ1

2 , b̃(γ1, δ1)=
cos δ1
sin γ1

, c̃(γ1, δ1)=
sin δ1
sin γ1

, d̃(γ1)=
ie−iγ1

2π sin γ1
,

M1=

(
b̃(γ1, δ1) c̃(γ1, δ1)

−c̃(γ1, δ1) b̃(γ1, δ1)

)
and γ2=

θ2+θ′
2

2 , δ2=
θ2−θ′

2

2 , ã(γ2)=
cos γ2

2 , b̃(γ2, δ2)=
cos δ2
sin γ2

,

c̃(γ2, δ2)=
sin δ2
sin γ2

, d̃(γ2)=
je−jγ2

2π sin γ2
, M2=

(
b̃(γ2, δ2) c̃(γ2, δ2)

−c̃(γ2, δ2) b̃(γ2, δ2)

)
.

The corresponding inversion formula is given by

f(x) =

∫
R4

Ki
θ1,θ′

1
(x1,ω1)(Fα,β

H f)(ω)Kj
θ2,θ′

2
(x2,ω2) dω. (9)

Remark 3.2. For α = β, the kernels Ki
θ1,θ1

(x1,ω1) and Kj
θ2,θ2

(x2,ω2) are the tensor
products of two one-dimensional FrFT kernels. Thus, the QCFrFT reduces to the two
sided QFrFT of the function f ∈ L2

H(R4). Moreover, if α = β = (π2 ,
π
2 ), the QCFrFT

reduces to the two sided QFT of the function f ∈ L2
H(R4).

3.1 QCFrFT in terms of QFT

We now obtain an important relation between QCFrFT and QFT.

(Fα,β
H f)(ω) =

∫
R4

Ki
θ1,θ′

1
(x1,ω1)f(x)Kj

θ2,θ′
2
(x2,ω2) dx

= d̃0(γ1)e
−iã(γ1)|ω1|2

{∫
R4

1

2π
eix1·M1ω1 f̃(x)

1

2π
ejx2·M2ω2 dx

}
d̃0(γ2)e

−jã(γ2)|ω2|2 ,
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where d̃0(γ1) =
ie−iγ1

sin γ1
, d̃0(γ2) =

je−jγ2

sin γ2
and

f̃(x) = e−iã(γ1)|x1|2f(x)e−jã(γ2)|x2|2 . (10)

Thus,

(Fα,β
H f)(ω) = d̃0(γ1)e

−iã(γ1)|ω1|2
(
FHf̃

)
(−M1ω1,−M2ω2)d̃0(γ2)e

−jã(γ2)|ω2|2 , (11)

where
(
FHf̃

)
(ω) =

∫
R4

1

2π
e−ix1·ω1 f̃(x)

1

2π
e−jx2·ω2 dx (12)

is the quaternion Fourier transform of the function f̃ ∈ R4.

Example 3.3 (of QCFrFT). With the assumption that α,β ∈ R2 satisfy the con-

ditions in Definition 3.1, we see that the QCFrFT Fα,β
H of the function f(x) =

eiã(γ1)|x1|2e−A|x1|2e−B|x2|2ejã(γ2)|x2|2 , A,B > 0 is given as(
Fα,β

H f
)
(ω) =

1

4AB
d̃0(γ1)e

−iã(γ1)|ω1|2e
− 1

4

(
|M1ω1|2

A +
|M2ω2|2

B

)
d̃0(γ2)e

−jã(γ2)|ω2|2 ,

where M1 and M2 are the matrices given in Definition 3.1. This can be proved using
the relation (11) and the fact that(

FHf̃
)
(ω) =

{
1

2π

∫
R2

e−ix1·ω1e−|
√
Ax1|2 dx1

}{
1

2π

∫
R2

e−|
√
Bx2|2e−jx2·ω2 dx2

}
=

(
1

2πA
πe−

|ω1|2
4A

)(
1

2πB
πe−

|ω2|2
4B

)
=

1

4AB
e
− 1

4

(
|ω1|2

A +
|ω2|2

B

)
,

where f̃ is given by (10).

We now obtain the following important inequality, called the H-Y inequality, based
on the relation (11) among QCFrFT and the QFT.

Theorem 3.4. If f ∈ Lp
H(R4) and 1 ≤ p ≤ 2, 1

p + 1
q = 1, then

∥Fα,β
H f∥Lq

H(R4) ≤
∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1

A4
p∥f∥Lp

H(R4), (13)

where Ap =

(
p

1
p

q
1
q

) 1
2

.

Proof. Using relation (11), we get

∥Fα,β
H f∥Lq

H(R4) = |d̃0(γ1)||d̃0(γ2)|
(∫

R4

∣∣∣(FHf̃
)
(−M1ω1,−M2ω2)

∣∣∣q dω) 1
q

=
|d̃0(γ1)||d̃0(γ2)|

(|det(−M1)|| det(−M2)|)
1
q

∥FHf̃∥Lq
H(R4).

Applying the sharp Hausdorff-Young inequality [25] for the QFT, yields

∥Fα,β
H f∥Lq

H(R4) ≤
|d̃0(γ1)||d̃0(γ2)|A4

p

(|det(−M1)|| det(−M2)|)
1
q

∥f̃∥Lp
H(R4)
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=

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1

A4
p∥f̃∥Lp

H(R4).

By virtue of (10) we obtain (13). This finishes the proof. □

Remark 3.5. � For α = β, equation (13) reduces to the sharp Hausdorff-Young
inequality for the QFrFT of the function f ∈ L2

H(R4).

� For α = β = (π2 ,
π
2 ), equation (13) reduces to the sharp Hausdorff-Young in-

equality for the QFT of the function f ∈ L2
H(R4).

In what follows, we obtain the Parseval’s formula associated with the QCFrFT.

Theorem 3.6. If f, g ∈ L2
H(R4), then

⟨Fα,β
H f,Fα,β

H g⟩ = ⟨f, g⟩. (14)

In particular,

∥f∥2L2
H(R4) = ∥Fα,β

H f∥2L2
H(R4). (15)

Proof. Applying Parseval’s formula for the QFT, we get

⟨f̃ , g̃⟩ = ⟨FHf̃ ,FHg̃⟩

= Sc

[
| det(−M1)||det(−M2)|

∫
R4

(
FHf̃

)
(−M1ω1,−M2ω2)(FHg̃) (−M1ω1,−M2ω2) dω

]
.

Using relation (11), we have

⟨f̃ , g̃⟩ = | det(−M1)|| det(−M2)|
|d̃0(γ2)|2

∫
R4

Sc

[
eiã(γ1)|ω1|2

d̃0(γ1)

(
Fα,β

H f
)
(ω)

(
Fα,β

H g
)
(ω)

e−iã(γ1)|ω1|2

d̃0(γ1)

]
dω

=
| det(−M1)||det(−M2)|

|d̃0(γ2)|2|d̃0(γ1)|2

∫
R4

Sc

[(
Fα,β

H f
)
(ω)

(
Fα,β

H g
)
(ω)

]
dω = ⟨Fα,β

H f,Fα,β
H g⟩.

Again, using equation (10), it can be shown that ⟨f̃ , g̃⟩ = ⟨f, g⟩. Hence (14) follows.
With f = g in (14), we have (15). □

3.2 Rènyi entropy uncertainty principle

The Rènyi entropy UPs for the proposed QCFrFT is obtained in this subsection. Sim-
ilar findings for the complex FrFT can be seen in [13]. These UPs for the QPFT and
two sided quaternion QPFT have recently been discovered in [7, 14, 29], respectively.
We recall the following.

Definition 3.7 ([10,13]). If P is a probability density function on Rn, then the Rènyi
entropy of P is defined by

Hs(P ) =
1

1− s
log

(∫
Rn

[P (x)]s dx

)
, s > 0, s ̸= 1. (16)

If s → 1, then (16) results in the Shannon entropy given by

E(P ) = −
∫
Rn

P (x) log[P (x)] dx. (17)
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In what follows, we obtain the Rènyi entropy UP for QCFrFT.

Theorem 3.8. If f ∈ L2
H(R4), 1

2 < α0 < 1 and 1
α0

+ 1
β0

= 2, then

Hα0
(|f |2) +Hβ0

(∣∣∣(Fα,β
H f

)
(ω)

∣∣∣2) ≥

2

α0 − 1
log(2α0) +

2

β0 − 1
log(2β0) + 2 log

(∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣) .

Proof. By inequality (13), we have(∫
R4

∣∣∣(Fα,β
H f

)
(ω)

∣∣∣q dω) 1
q

≤
∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 (∫

R4

|f(x)|pdx
) 1

p

. (18)

Putting p = 2α0 and q = 2β0, in equation (18), we have(∫
R4

∣∣∣(Fα,β
H f

)
(ω)

∣∣∣2β0

dω

) 1
2β0

≤
∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣ 1
β0

−1 ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣ 1
β0

−1 (∫
R4

|f(x)|2α0 dx

) 1
2α0

.

This implies ∣∣∣sin( θ1+θ′
1

2

)∣∣∣2− 2
β0

∣∣∣sin( θ2+θ′
2

2

)∣∣∣2− 2
β0

A8
2α0

≤
(∫

R4

|f(x)|2α0 dx

) 1
α0

(∫
R4

∣∣∣(Fα,β
H f

)
(ω)

∣∣∣2β0

dω

)− 1
β0

. (19)

Since 1
α0

+ 1
β0

= 2, we have

α0

1− α0
=

β0

β0 − 1
. (20)

Raising to the power α0

1−α0
in (19) and using (20), we get∣∣∣sin( θ1+θ′

1

2

)∣∣∣2 ∣∣∣sin( θ2+θ′
2

2

)∣∣∣2(
A8

2α0

) α0
1−α0

≤
(∫

R4

|f(x)|2α0 dx

) 1
1−α0

(∫
R4

∣∣∣(Fα,β
H f

)
(ω)

∣∣∣2β0

dω

) 1
1−β0

.

This leads to

2 log

(∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)− 8α0

1− α0
log (A2α0

)

≤ 1

1− α0
log

(∫
R4

|f(x)|2α0 dx

)
+

1

1− β0
log

(∫
R4

∣∣∣(Fα,β
H

)
(ω)

∣∣∣2β0

dω

)
.
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This implies

Hα0
(|f |2)+Hβ0

(∣∣∣Fα,β
H f

∣∣∣2)
≥ 2

α0−1
log(2α0)+

2

β0−1
log(2β0)+2 log

(∣∣∣∣sin(θ1+θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2+θ′2
2

)∣∣∣∣) . (21)

Thus the proof is complete. □

Remark 3.9. If α0 → 1, then β0 → 1 and thus (21) can be written as

E(|f |2) + E

(∣∣∣(Fα,β
H f

)
(ω)

∣∣∣2)
≥ 2 log

(∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)+ 2(2− log 4),

i.e., E(|f |2) + E

(∣∣∣(Fα,β
H f

)
(ω)

∣∣∣2)
≥ 2 log

(
e2

4

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣) . (22)

For QCFrFT, inequality (22) is the Shannon entropy UP.

4. Short time quaternion coupled fractional Fourier transform

The two sided short time quaternion coupled fractional Fourier transform (STQCFrFT)
is defined and its properties are examined in this section.

Definition 4.1. Let α = (θ1, θ2),β = (θ′1, θ
′
2) ∈ R2, such that θ1+θ′1, θ2+θ′2 /∈ 2πZ.

The STQCFrFT of a function f ∈ L2
H(R4) with respect to g ∈ L2

H(R4)∩L∞
H (R4), called

a quaternion window function (QWF), is defined by(
Sα,β
H,g f

)
(t,ω) =

∫
R4

Ki
θ1,θ′

1
(x1,ω1)f(x)g(x− t)Kj

θ2,θ′
2
(x2,ω2) dx, (23)

(t,ω) ∈ R4 × R4,

where Ki
θ1,θ′

1
(x1,ω1) and Kj

θ2,θ′
2
(x2,ω2) are given respectively by (7) and (8).

It is to be noted that if the kernels Ki
θ1,θ′

1
(x1,ω1) and Kj

θ2,θ′
2
(x2,ω2) both lie to

the left or to the right of f(x)g(x− t) in the integral in (23), then we have the left or
right sided STQCFrFT. But our study mainly focuses on the two sided STQCFrFT.

Remark 4.2. For α = β, the kernels Ki
θ1,θ1

(x1,ω1) and Kj
θ2,θ2

(x2,ω2) are the ten-
sor products of two one-dimensional FrFT. Thus, the STQCFrFT reduces to the
STQFrFT of the function f ∈ L2

H(R4). Moreover, if α = β = (π2 ,
π
2 ), the STQCFrFT

reduces to the STQFT of the function f ∈ L2
H(R4).

We mention below a lemma that will be used in proving some basic properties of
the STQCFrFT.
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Lemma 4.3. Let k=(k1,k2), ω=(ω1,ω2), x=(x1,x2) ∈ R2×R2. Then Ki
θ1,θ′

1
(x1,ω1)

and Kj
θ2,θ′

2
(x2,ω2) satisfy the following

Ki
θ1,θ′

1
(x1 + k1,ω1) = e−i{ã(γ1)(|k1|+2x1·k1)−k1·M1ω1}Ki

θ1,θ′
1
(x1,ω1), (24)

and Kj
θ2,θ′

2
(x2 + k2,ω2) = e−j{ã(γ2)(|k2|+2x2·k2)−k2·M2ω2}Kj

θ2,θ′
2
(x2,ω2). (25)

Proof. From the definition of Ki
θ1,θ′

1
, we have

Ki
θ1,θ′

1
(x1 + k1,ω1) = d̃(γ1)e

−i{ã(γ1)(|x1+k1|2+|ω1|2)−(x1+k1)·M1ω1}

= d̃(γ1)e
−i{ã(γ1)(|x1|2+|k1|2+2x1·k1+|ω1|2)−x1·M1ω1−k1·M1ω1}

= d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−i{ã(γ1)(|k1|2+2x1·ω1)−k1·M1ω1},

i.e., Ki
θ1,θ′

1
(x1 + k1,ω1) = e−i{ã(γ1)(|k1|+2x1·k1)−k1·M1ω1}Ki

θ1,θ′
1
(x1,ω1).

This proves (24). (25) follows similarly. □

The proposed STQCFrFT enjoys the following basic properties.

Theorem 4.4. Let f1, f2, f ∈ L2
H(R4) and g1, g, g2 ∈ L∞

H (R4) ∩ L2
H(R4) be QWFs.

Then
(i) Boundedness:

∥∥∥Sα,β
H,g f

∥∥∥
L∞

H (R4)
≤ 1

4π2

∣∣∣∣sin( θ1+θ′1
2

)∣∣∣∣∣∣∣∣sin( θ2+θ′2
2

)∣∣∣∣∥g∥L2
H(R4)∥f∥L2

H(R4).

(ii) Linearity: Sα,β
H,g (pf1 + qf2) = p

[
Sα,β
H,g f1

]
+ q

[
Sα,β
H,g f2

]
, p, q ∈ {t+ iy : t, y ∈ R}.

(iii) Anti-linearity: Sα,β
H,rg1+sg2

f =
[
Sα,β
H,g1

f
]
r̄ +

[
Sα,β
H,g2

f
]
s̄, r, s ∈ {t+ jy : t, y ∈ R}.

(iv) Translation:
(
Sα,β
H,g (τlf)

)
(t,ω) = e−i{ã(γ1)(|l1|+2x1·l1)−l1·M1ω1}

(
Sα,β
H,g f

)
(t−l,ω)

e−j{ã(γ2)(|l2|+2x2·l2)−l2·M2ω2}, where (τlf)(x) = f(x− l), l = (l1, l2) ∈ R2 × R2.

(v) Parity:
(
Sα,β
H,PgPf

)
(t,ω) =

(
Sα,β
H,g f

)
(−t,−ω), where (Pf)(x) = f (−x).

Proof. We skip the proof of (i), (ii) and (iii) as they are straightforward.
(iv) From Definition 4.1, we have(

Sα,β
H,g (τlf)

)
(t,ω) =

∫
R4

Ki
θ1,θ′

1
(x1 + l1,ω1)f(x)g(x− (t− l))Kj

θ2,θ′
2
(x2 + l2,ω2) dx.

By Lemma 4.3, we see that(
Sα,β
H,g (τlf)

)
(t,ω) = e−i{ã(γ1)(|l1|+2x1·l1)−l1·M1ω1}{∫

R4

Ki
θ1,θ′

1
(x1,ω1)f(x)g(x− (t− l))Kj

θ1,θ′
1
(x2,ω2) dx

}
e−j{ã(γ2)(|l2|+2x2·l2)−l2·M2ω2}.

Thus, we have(
Sα,β
H,g (τlf)

)
(t,ω) =

e−i{ã(γ1)(|l1|+2x1·l1)−l1·M1ω1}
(
Sα,β
H,g f

)
(t− l,ω)e−j{ã(γ2)(|l2|+2x2·l2)−l2·M2ω2}.
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This proves (iv).

(v) Using the definition of STQCFrFT, we have(
Sα,β
H,PgPf

)
(t,ω) =

∫
R4

Ki
θ1,θ′

1
(−x1,ω1)f(x)g (x+ t)Kj

θ2,θ′
2
(−x2,ω2) dx. (26)

Now, it can be shown that

Ki
θ1,θ′

1
(−x1,ω1) = Ki

θ1,θ′
1
(x1,−ω1) (27)

and Kj
θ2,θ′

2
(−x2,ω2) = Kj

θ2,θ′
2
(x2,−ω2). (28)

By virtue of (27), (28) and (26), we have(
Sα,β
H,PgPf

)
(t,ω) =

(
Sα,β
H,g f

)
(−t,−ω) .

Thus the proof is complete. □

Theorem 4.5. (Inner product relation) If f, h ∈ L2
H(R4) and g1, g2 are two QWFs,

then Sα,β
H,g1

f, Sα,β
H,g2

f ∈ L2
H(R4 × R4) and〈

Sα,β
H,g1

f,Sα,β
H,g2

h
〉
= ⟨f(g1, g2), h⟩. (29)

Proof. We have∫
R4

∫
R4

∣∣∣(Sα,β
H,g1

f
)
(t,ω)

∣∣∣2 dt dω =

∫
R4

{∫
R4

∣∣∣(Fα,β
H {f(·)g1(· − t)}

)
(ω)

∣∣∣2 dω

}
dt

=

∫
R4

{∫
R4

|f(x)g1(x− t)|2 dx
}

dt, using Parseval’s Identity

= ∥f∥2L2
H(R4)∥g1∥

2
L2

H(R4).

Thus, Sα,β
H,g1

f ∈ L2
H(R4 × R4). Similarly, Sα,β

H,g2
h ∈ L2

H(R4 × R4).

Now,〈
Sα,β
H,g1

f,Sα,β
H,g2

h
〉
= Sc

∫
R4

∫
R4

(
Fα,β

H {f(·)g1(· − t)}
)
(ω)

(
Fα,β

H {h(·)g2(· − t)}
)
(ω) dt dω

= Sc

∫
R4

{∫
R4

f(x)g1(x− t) h(x)g2(x− t) dx

}
dt

= Sc

∫
R4

f(x)

(∫
R4

g1(x− t)g2(x− t) dt

)
h(x) dx

= Sc

∫
R4

f(x) (g1, g2)h(x) dx.

This implies
〈
Sα,β
H,g1

f,Sα,β
H,g2

h
〉
= ⟨f (g1, g2) , h⟩. □

Remark 4.6. In view of (29), we can conclude that

1. If g1 = g = g2 in (29), then〈
Sα,β
H,g f,Sα,β

H,g h
〉
= ⟨f, h⟩∥g∥2L2

H(R4).
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2. If f = h in (29), then〈
Sα,β
H,g1

f,Sα,β
H,g2

f
〉
= ⟨g1, g2⟩∥f∥2L2

H(R4).

3. If g = g1 = g2 and f = h in (29), then

∥Sα,β
H,g f∥2L2

H(R4×R4) = ∥g∥2L2
H(R4)∥f∥

2
L2

H(R4). (30)

The STQCFrFT reconstruction formula is given by the subsequent theorem.

Theorem 4.7. If g is a QWF and f ∈ L2
H(R4), then

f(x) =

∫
R4

∫
R4

Ki
θ1,θ′

1
(x1,ω1)

(
Sα,β
H,g f

)
(t,ω)Kj

θ2,θ′
2
(x2,ω2)g(x− t) dt dω.

Proof. Using Theorem 4.5, we see that

⟨f, h⟩ = Sc

∫
R4

∫
R4

(
Sα,β
H,g f

)
(t,ω)

{∫
R4

Ki
θ1,θ

′
1
(x1,ω1)h(x)g(x− t)Kj

θ2,θ
′
2
(x2,ω2) dx

}
dt dω

=

∫
R4

∫
R4

∫
R4

Sc
{(

Sα,β
H,g f

)
(t,ω)Kj

θ2,θ
′
2
(x2,ω2)g(x− t)h(x)Ki

θ1,θ
′
1
(x1,ω1)

}
dx dt dω

= Sc

∫
R4

{∫
R4

∫
R4

Ki
θ1,θ

′
1
(x1,ω1)

(
Sα,β
H,g f

)
(t,ω)Kj

θ2,θ
′
2
(x2,ω2)g(x− t) dt dω

}
h(x) dx

=

〈∫
R4

∫
R4

Ki
θ1,θ

′
1
(x1,ω1)

(
Sα,β
H,g f

)
(t,ω)Kj

θ2,θ
′
2
(x2,ω2)g(· − t) dt dω, h(·)

〉
.

Since h ∈ L2
H(R4) is arbitrary, it follows that

f(x) =

∫
R4

∫
R4

Ki
θ1,θ′

1
(x1,ω1)

(
Sα,β
H,g f

)
(t,ω)Kj

θ2,θ′
2
(x2,ω2)g(x− t) dt dω.

This finishes the proof. □

4.1 Uncertainty principle for STQCFrFT

Similar to Heisenberg UP, which governs the localization of a function and its FT,
Wilczok [32] has introduced a new form of UP that compares the localization of both
a function and its windowed FT.

Here we give Lieb’s UP for the STQCFrFT. In our recent work [14], we obtained an
analogous result for the short-time quaternion QPFT. We first obtain Lieb’s inequality
for the STQCFrFT.

Lemma 4.8. Let 2 ≤ q < ∞, 1
q + 1

p = 1, f ∈ L2
H(R4) and g be a QWF. Then∥∥∥Sα,β

H,g f
∥∥∥
Lq

H(R4×R4)
≤∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 (

2

q

) 4
q

∥g∥L2
H(R4)∥f∥L2

H(R4). (31)
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Proof. Using the definition 4.1, we have(∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dω) 1
q

=

(∫
R4

∣∣∣(Fα,β
H {f(·)g(· − t)}

)
(ω)

∣∣∣q dω) 1
q

. (32)

Using the Hausdorff-Young inequality, we obtain(∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dω) 1
q

≤ A4
p

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 (∫

R4

∣∣∣f(x)g(x− t)
∣∣∣p dx) 1

p

= A4
p

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 (∫

R4

|f(x)|p|g̃(t− x)|pdx
) 1

p

,

= A4
p

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1

{(|f |p ⋆ |g̃|p) (t)}
1
p ,

where g̃(x) = g(−x) and 1
p + 1

q = 1. This leads to∫
R4

∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dt dω ≤

A4q
p

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣2−q ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣2−q ∫
R4

{(|f |p ⋆ |g̃|p) (t)}
q
p dt.

This implies{∫
R4

∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dt dω} 1
q

≤ A4
p

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 [∫

R4

{(|f |p ⋆ |g̃|p) (t)}
q
p dt

] p
q ·

1
p

= A4
p

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1

∥|f |p ⋆ |g̃|p∥
1
p

L
q
p
H (R4)

. (33)

We observe that if l = q
p , k = 2

p , then k ≥ 1 and 1 + 1
l = 1

k + 1
k . Since |g̃|p, |f |p ∈

Lk
H(R4), by Young’s inequality [12], we have

∥|f |p ⋆ |g̃|p∥
1
p

L
q
p
H (R4)

≤ A
8
p

k A
4
p

l′ ∥f∥L2
H(R4)∥g̃∥L2

H(R4). (34)

From (33) and (34) it follows that{∫
R4

∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dt dω} 1
q

≤∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 (

A2
pA

4
p

k A
2
p

l′

)2

∥g∥L2
H(R4)∥f∥L2

H(R4), (35)
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where Ar =

(
r

1
r

r
′ 1
r′

) 1
2

, 1
r + 1

r′ = 1. Now we have

A2
pA

4
p

k A
2
p

l′ =
p

1
p

q 1
q

· k

k′
2

k′p
· l′

1
pl′(
q
p

) 1
q

, since k =
2

q
, l =

q

p

=
p

q
2
q

· l′
1

pl′

k′
2

k′p
=

2

q
2
q

·
(
1

2

) q−p
pq

, since k′ = 2l′

=

(
2

q

) 2
q

. (36)

So if we insert the equation (36) into (35), we get{∫
R4

∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dt dω} 1
q

≤∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 2
q−1 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 2
q−1 (

2

q

) 4
q

∥f∥L2
H(R4)∥g∥L2

H(R4).

This completes the proof. □

Remark 4.9. For α = β, the inequality (31) reduces to the Lieb’s inequality for the
STQFrFT of the function f ∈ L2

H(R4). Moreover, if α = β = (π2 ,
π
2 ), inequality (31)

reduces to the Lieb’s inequality for the STQFT of the function f ∈ L2
H(R4).

4.2 Lieb’s uncertainty principle

Definition 4.10. Let Ω ⊂ Rn be measurable. A functionG ∈ L2
H(Rn) is ϵ-concentrated,

ϵ ≥ 0, on Ω, if

∥χΩcG∥L2
H(Rn) ≤ ϵ∥G∥L2

H(Rn),

where χΩ takes the value 1 on Ω and 0 otherwise.

Theorem 4.11. Let 0 ̸= f ∈ L2
H(R4) and g ̸= 0 be a QWF. If ϵ ≥ 0 and Sα,β

H,g f is

ϵ-concentrated on Ω ⊂ R4 × R4, then

|Ω| ≥
∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣2 ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣2 (1− ϵ2)
q

q−2

(q
2

) 8
q−2

, q > 2 (37)

where |Ω| denotes the Lebesgue measure of Ω.

Proof. Since Sα,β
H,g f is ϵ-concentrated on Ω, we have∥∥∥χΩcSα,β

H,g f
∥∥∥2
L2

H(R4×R4)
≤ ϵ2∥g∥2L2

H(R4)∥f∥
2
L2

H(R4).

This results in ∥∥∥χΩSα,β
H,g f

∥∥∥2
L2

H(R4×R4)
≥ (1− ϵ2)∥g∥2L2

H(R4)∥f∥
2
L2

H(R4). (38)
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Using Holder’s inequality [16] with the exponents q
2 and q

q−2 we obtain∥∥∥χΩSα,β
H,g f

∥∥∥2
L2

H(R4×R4)
=

∫
R4

∫
R4

χΩ(t,ω)
∣∣∣(Sα,β

H,g f
)
(t,ω)

∣∣∣2 dt dω

≤
{∫

R4

∫
R4

(χΩ(t,ω))
q

q−2 dt dω

} q−2
q

{∫
R4

∫
R4

(∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2) q
2

dt dω

} 2
q

= |Ω|
q−2
q

∥∥∥Sα,β
H,g f

∥∥∥2
Lq

H(R4×R4)
.

Using Lieb’s inequality (31) we get∥∥∥χΩSα,β
H,g f

∥∥∥2
L2

H(R4×R4)
≤

|Ω|
q−2
q

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 4
q−2 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 4
q−2 (

2

q

) 8
q

∥f∥2L2
H(R4)∥g∥

2
L2

H(R4). (39)

From equation (38) and equation (39) we obtain

|Ω|
q−2
q

∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ 4
q−2 ∣∣∣∣sin(θ2 + θ′2

2

)∣∣∣∣ 4
q−2 (

2

q

) 8
q

≥ (1− ϵ2).

Since 1
p + 1

q = 1, this results in

|Ω| ≥
(∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)2(1− 2
q )

q
q−2

(1− ϵ2)
q

q−2

(q
2

) 8
q−2

,

i.e., |Ω| ≥
∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣2 ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣2 (1− ϵ2)
q

q−2

(q
2

) 8
q−2

.

This proves (37). □

Remark 4.12. If ϵ = 0, from (37), we see that∣∣∣supp(Sα,β
H,g f

)∣∣∣ ≥ ∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣2 ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣2 lim
q→2+

(q
2

) 8
q−2

i.e.,
∣∣∣supp(Sα,β

H,g f
)∣∣∣ ≥ ∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣2 ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣2 e4. (40)

i.e, the measure suppSα,β
H,g f ≥

∣∣∣sin( θ1+θ′
1

2

)∣∣∣2 ∣∣∣sin( θ2+θ′
2

2

)∣∣∣2 e4.
Remark 4.13. For α = β, Theorem 4.11 gives Lieb’s UP for the STQFrFT of the
function f ∈ L2

H(R4). Moreover, if α = β = (π2 ,
π
2 ), Theorem 4.11 gives the Lieb’s

UP for the STQFT of the function f ∈ L2
H(R4).

4.3 Entropy uncertainty principle

Theorem 4.14. Let f ∈ L2
H(R4) and g be a QWF with ∥f∥L2

H(R4)∥g∥L2
H(R4) = 1, then

ES(f, g,α,β) ≥ 2

[
2 + log

(∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)] , (41)
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where ES(f, g,α,β) = −
∫
R4

∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2 log(∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2) dt dω.

Proof. Define

I(f, g,α,β, q) =

∫
R4

∫
R4

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣q dt dω. (42)

Using (42) in (30), one gets

I(f, g,α,β, 2) = 1. (43)

From (31) and the hypothesis about f and g, it can also be shown that

I(f, g,α,β, q) ≤
(∣∣∣∣sin(θ1 + θ′1

2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)2−q (
2

q

)4

. (44)

For s > 0, define

R(s) =
I(f, g,α,β, 2)− I(f, g,α,β, 2 + 2s)

s
.

Then

R(s) ≥ 1

s

{
1−

(∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)−2s (
1

1 + s

)4
}
. (45)

Let us assume that ES(f, g,α,β) < ∞, otherwise (41) is obvious.

From the inequality 1 + s log a ≤ as, s ∈ R and a > 0 we now obtain

0 ≤ 1

s

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2 (1− ∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2s)
≤ −

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2 log(∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2) . (46)

Since −
∣∣∣(Sα,β

H,g f
)
(t,ω)

∣∣∣2 log(∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2) is integrable, we obtain using the

Lebesgue dominated convergence theorem in (46):

lim
s→0+

R(s) =

∫
R4

∫
R4

lim
s→0+

{
1

s

∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2 (1− ∣∣∣(Sα,β
H,g f

)
(t,ω)

∣∣∣2s)} dt dω

= ES(f, g,α,β). (47)

Again from (45), we get

lim
s→0+

R(s) ≥ 2

[
2 + log

(∣∣∣∣sin(θ1 + θ′1
2

)∣∣∣∣ ∣∣∣∣sin(θ2 + θ′2
2

)∣∣∣∣)] . (48)

Based on (47) and (48), equation (41) follows. This concludes the proof. □

Remark 4.15. For α = β, Theorem 4.14 gives the entropy UP for the STQFrFT
of the function f ∈ L2

H(R4). Moreover, if α = β = (π2 ,
π
2 ), Theorem 4.14 gives the

entropy UP for the STQFT of the function f ∈ L2
H(R4).

Example 4.16. Consider the function f(x) = e−(|x1|2+|x2|2), x = (x1,x2) ∈ R2×R2,
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with x1 = (x1, x2) and x2 = (x3, x4). Also consider the function

g(x) =


1, 0 ≤ x1 < 1

2 , 0 ≤ x2 < 1
2 , 0 ≤ x3 < 1

2 , 0 ≤ x4 < 1
2

−1, 1
2 ≤ x1 < 1, 1

2 ≤ x2 < 1, 1
2 ≤ x3 < 1, 1

2 ≤ x4 < 1

0, otherwise.

Using Definition 4.1, the STQCFrFT of f with respect to the window function g
is given by(
Sα,β
H,g f

)
(t,ω)=

∫
R4

Ki
θ1,θ′

1
(x1,ω1)f(x)g(x−t)Kj

θ2,θ′
2
(x2,ω2) dx, (t,ω)∈R4×R4, (49)

where t = (t1, t2), ω = (ω1,ω2) ∈ R2 × R2 with t1 = (t1, t2), t2 = (t3, t4) and
ω1 = (ω1, ω2), ω2 = (ω3, ω4). Thus for the chosen function f and the window
function g we get from (49)(

Sα,β
H,g f

)
(t,ω)

=

{∫ t1+
1
2

t1

∫ t2+
1
2

t2

d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−|x1|2 dx1

}

×

{∫ t3+
1
2

t3

∫ t4+
1
2

t4

d̃(γ2)e
−j{ã(γ2)(|x2|2+|ω2|2)−x2·M2ω2}e−|x2|2 dx2

}

−

{∫ t1+1

t1+
1
2

∫ t2+1

t2+
1
2

d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−|x1|2 dx1

}

×

{∫ t3+1

t3+
1
2

∫ t4+1

t4+
1
2

d̃(γ2)e
−j{ã(γ2)(|x2|2+|ω2|2)−x2·M2ω2}e−|x2|2 dx2

}
. (50)

We first consider the integral∫ t1+
1
2

t1

∫ t2+
1
2

t2

d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−|x1|2 dx1

= d̃(γ1)

{∫ t1+
1
2

t1

e−i{ã(γ1)(x2
1+ω2

1)−x1(b̃(γ1,δ1)ω1+c̃(γ1,δ1)ω2)}e−x2
1dx1

}

×

{∫ t2+
1
2

t2

e−i{ã(γ1)(x2
2+ω2

2)−x2(−c̃(γ1,δ1)ω1+b̃(γ1,δ1)ω2)}e−x2
2dx2

}
. (51)

Consider the integral∫ t1+
1
2

t1

e−i{ã(γ1)(x2
1+ω2

1)−x1(b̃(γ1,δ1)ω1+c̃(γ1,δ1)ω2)}e−x2
1dx1

= e−iã(γ1)ω
2
1

∫ t1+
1
2

t1

e−{(1+iã(γ1))x
2
1−ix1(b̃(γ1,δ1)ω1+c̃(γ1,δ1)ω2)}dx1

=

√
πe

−iã(γ1)ω
2
1−

(b̃(γ1,δ1)ω1+c̃(γ1,δ1)ω2)
2

4(1+iã(γ1))

2
√
1+iã(γ1)

[
erf

(
A(θ1, θ

′
1, i)

(
t1+

1

2

)
−B1(θ1, θ

′
1, i,ω1)

)
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− erf (A(θ1, θ
′
1, i)t1−B1(θ1, θ

′
1, i,ω1))

]
, (52)

where erf(t) = 2√
π

∫ t

0
e−t2 dt, A(θ1, θ

′
1, i) =

√
1 + iã(γ1) and B1(θ1, θ

′
1, i,ω1) =

(b̃(γ1,δ1)ω1+c̃(γ1,δ1)ω2)
2

4(1+iã(γ1))
. Similarly, we have∫ t2+

1
2

t2

e−i{ã(γ1)(x2
2+ω2

2)−x2(−c̃(γ1,δ1)ω1+b̃(γ1,δ1)ω2)}e−x2
2dx2

=

√
πe

−iã(γ1)ω
2
2−

(−c̃(γ1,δ1)ω1+b̃(γ1,δ1)ω2)
2

4(1+iã(γ1))

2
√
1 + iã(γ1)

[
erf

(
A(θ1, θ

′
1, i)

(
t2 +

1

2

)
−B2(θ1, θ

′
1, i,ω1)

)

− erf (A(θ1, θ
′
1, i)t2 −B2(θ1, θ

′
1, i,ω1))

]
, (53)

where B2(θ1, θ
′
1, i,ω1) =

(−c̃(γ1,δ1)ω1+b̃(γ1,δ1)ω2)
2

4(1+iã(γ1))
. Using equations (52) and (53)

in (51), we get∫ t1+
1
2

t1

∫ t2+
1
2

t2

d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−|x1|2 dx1

= J(θ1, θ
′
1, i,ω1)

[
erf

(
A(θ1, θ

′
1, i)

(
t1 +

1

2

)
−B1(θ1, θ

′
1, i,ω1)

)
− erf (A(θ1, θ

′
1, i)t1 −B1(θ1, θ

′
1, i,ω1))]

×
[
erf

(
A(θ1, θ

′
1, i)

(
t2 +

1

2

)
−B2(θ1, θ

′
1, i,ω1)

)
− erf (A(θ1, θ

′
1, i)t2 −B2(θ1, θ

′
1, i,ω1))] , (54)

where J(θ1, θ
′
1, i,ω1) = d̃(γ1)

π
4(1+iã(γ1))

e
−
{
iã(γ1)|ω1|2+

((b̃(γ1,δ1))2+(c̃(γ1,δ1))2)|ω1|2

4(1+iã(γ1))

}
. Sim-

ilarly, we have∫ t3+
1
2

t3

∫ t4+
1
2

t4

d̃(γ2)e
−j{ã(γ2)(|x2|2+|ω2|2)−x2·M2ω2}e−|x2|2 dx1

= J(θ2, θ
′
2, j,ω2)

[
erf

(
A(θ2, θ

′
2, j)

(
t3 +

1

2

)
−B1(θ2, θ

′
2, j,ω2)

)
− erf (A(θ2, θ

′
2, j)t3 −B1(θ2, θ

′
2, j,ω2))]

×
[
erf

(
A(θ2, θ

′
2, j)

(
t4 +

1

2

)
−B2(θ2, θ

′
2, j,ω2)

)
− erf (A(θ2, θ

′
2, j)t4 −B2(θ2, θ

′
2, j,ω2))] . (55)
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Thus from equations (54) and (55), we have{∫ t1+
1
2

t1

∫ t2+
1
2

t2

d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−|x1|2 dx1

}

×

{∫ t3+
1
2

t3

∫ t4+
1
2

t4

d̃(γ2)e
−j{ã(γ2)(|x2|2+|ω2|2)−x2·M2ω2}e−|x2|2 dx2

}

= J(θ1, θ
′
1, i,ω1)

[
erf

(
A(θ1, θ

′
1, i)

(
t1 +

1

2

)
−B1(θ1, θ

′
1, i,ω1)

)
− erf (A(θ1, θ

′
1, i)t1 −B1(θ1, θ

′
1, i,ω1))]

×
[
erf

(
A(θ1, θ

′
1, i)

(
t2 +

1

2

)
−B2(θ1, θ

′
1, i,ω1)

)
− erf (A(θ1, θ

′
1, i)t2 −B2(θ1, θ

′
1, i,ω1))] J(θ2, θ

′
2, j,ω2)

×
[
erf

(
A(θ2, θ

′
2, j)

(
t3 +

1

2

)
−B1(θ2, θ

′
2, j,ω2)

)
− erf (A(θ2, θ

′
2, j)t3 −B1(θ2, θ

′
2, j,ω2))]

×
[
erf

(
A(θ2, θ

′
2, j)

(
t4 +

1

2

)
−B2(θ2, θ

′
2, j,ω2)

)
− erf (A(θ2, θ

′
2, j)t4 −B2(θ2, θ

′
2, j,ω2))] . (56)

Similarly, it can be shown that{∫ t1+1

t1+
1
2

∫ t2+1

t2+
1
2

d̃(γ1)e
−i{ã(γ1)(|x1|2+|ω1|2)−x1·M1ω1}e−|x1|2 dx1

}

×

{∫ t3+1

t3+
1
2

∫ t4+1

t4+
1
2

d̃(γ2)e
−j{ã(γ2)(|x2|2+|ω2|2)−x2·M2ω2}e−|x2|2 dx2

}
= J(θ1, θ

′
1, i,ω1) [erf (A(θ1, θ

′
1, i) (t1 + 1)−B1(θ1, θ

′
1, i,ω1))

− erf

(
A(θ1, θ

′
1, i)

(
t1 +

1

2

)
−B1(θ1, θ

′
1, i,ω1)

)]
× [erf (A(θ1, θ

′
1, i) (t2 + 1)−B2(θ1, θ

′
1, i,ω1))

− erf

(
A(θ1, θ

′
1, i)

(
t2 +

1

2

)
−B2(θ1, θ

′
1, i,ω1)

)]
J(θ2, θ

′
2, j,ω2)

× [erf (A(θ2, θ
′
2, j) (t3 + 1)−B1(θ2, θ

′
2, j,ω2))

− erf

(
A(θ2, θ

′
2, j)

(
t3 +

1

2

)
−B1(θ2, θ

′
2, j,ω2)

)]
× [erf (A(θ2, θ

′
2, j) (t4 + 1)−B2(θ2, θ

′
2, j,ω2))

− erf

(
A(θ2, θ

′
2, j)

(
t4 +

1

2

)
−B2(θ2, θ

′
2, j,ω2)

)]
. (57)
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Thus from equations (49), (56) and (57) we obtain(
Sα,β
H,g f

)
(t,ω)

= J(θ1, θ
′
1, i,ω1)

[
erf

(
A(θ1, θ

′
1, i)

(
t1 +

1

2

)
−B1(θ1, θ

′
1, i,ω1)

)
− erf (A(θ1, θ

′
1, i)t1 −B1(θ1, θ

′
1, i,ω1))]

×
[
erf

(
A(θ1, θ

′
1, i)

(
t2 +

1

2

)
−B2(θ1, θ

′
1, i,ω1)

)
− erf (A(θ1, θ

′
1, i)t2 −B2(θ1, θ

′
1, i,ω1))] J(θ2, θ

′
2, j,ω2)

×
[
erf

(
A(θ2, θ

′
2, j)

(
t3 +

1

2

)
−B1(θ2, θ

′
2, j,ω2)

)
− erf (A(θ2, θ

′
2, j)t3 −B1(θ2, θ

′
2, j,ω2))]

×
[
erf

(
A(θ2, θ

′
2, j)

(
t4 +

1

2

)
−B2(θ2, θ

′
2, j,ω2)

)
− erf (A(θ2, θ

′
2, j)t4 −B2(θ2, θ

′
2, j,ω2))]

− J(θ1, θ
′
1, i,ω1) [erf (A(θ1, θ

′
1, i) (t1 + 1)−B1(θ1, θ

′
1, i,ω1))

− erf

(
A(θ1, θ

′
1, i)

(
t1 +

1

2

)
−B1(θ1, θ

′
1, i,ω1)

)]
× [erf (A(θ1, θ

′
1, i) (t2 + 1)−B2(θ1, θ

′
1, i,ω1))

− erf

(
A(θ1, θ

′
1, i)

(
t2 +

1

2

)
−B2(θ1, θ

′
1, i,ω1)

)]
J(θ2, θ

′
2, j,ω2)

× [erf (A(θ2, θ
′
2, j) (t3 + 1)−B1(θ2, θ

′
2, j,ω2))

− erf

(
A(θ2, θ

′
2, j)

(
t3 +

1

2

)
−B1(θ2, θ

′
2, j,ω2)

)]
× [erf (A(θ2, θ

′
2, j) (t4 + 1)−B2(θ2, θ

′
2, j,ω2))

− erf

(
A(θ2, θ

′
2, j)

(
t4 +

1

2

)
−B2(θ2, θ

′
2, j,ω2)

)]
.

5. Conclusions

In this paper, we have defined the two sided QCFrFT and obtained the Parseval’s for-
mula and the sharp Hausdorff-Young inequality, based on which we have obtained its
Rènyi entropy UP. Incorporating the basic properties such as boundedness, transla-
tion, etc. of the newly proposed STQCFrFT, we have also obtained the inner product
relation followed by the reconstruction formula. Moreover, using the sharp Hausdorff-
Young inequality for the QCFrFT, we have also obtained the Lieb’s and entropy UPs
for the proposed STQCFrFT.
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