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Abstract. The complex hyperbolic plane is a symmetric space of negative sectional
curvature; hence, it has the structure of a 4-dimensional connected solvable real Lie group
with a left-invariant metric. We consider all non-isometric left-invariant Riemannian metrics
on this group, denoted by CH?, and search for real geodesics corresponding to them. Us-
ing FEuler-Arnold equations, one can translate the second-order differential equations of the
geodesics on the group into the first-order equations on its Lie algebra. In the Kéhler case
we solve these equations on the Lie algebra of CH?, i.e. we explicitly find curves on algebra
corresponding to the geodesics of the standard Einstein metric. Numerical solutions are used
to visualize geodesic lines and geodesic spheres of various left-invariant Riemannian metrics.

1. Introduction

The complex hyperbolic plane, a locally unique Kahler manifold of constant negative
holomorphic sectional curvature, is well researched and has a rich geometry. For a
comprehensive overview, we recommend reading Parker [14] and Goldman [9]. In
this article, we focus on left-invariant geometry in the context of Lie groups. Indeed,
any connected homogeneous manifold of nonpositive curvature can be represented as a
connected solvable Lie group with left-invariant metric [11]. Since the complex hyper-
bolic plane is a symmetric space of negative sectional curvature, it can be represented
by a real solvable Lie group CH>.

The left-invariant complex geometry of this group has been studied in detail in a
broader context of 4-dimensional Lie groups and algebras. Classifications of complex
structures [12], hypercomplex structures [4], para-hypercomplex structures [5] and
symplectic structures [13] were made with respect to the standard Einstein metric.
Hermitian structures of all left-invariant Riemannian metrics on CH? were classi-
fied in [20]. Automorphisms and all possible left-invariant metrics on this Lie group
are known for all three types of signatures: Riemannian [7], Lorentzian [6] and neu-
tral [16]. In addition, left-invariant Riemannian metrics of the n-dimensional complex
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106 Geodesics of Riemannian complex hyperbolic plane

hyperbolic space have recently been classified [8]. In [21], the authors classify all left-
invariant metrics of arbitrary signature on the n-dimensional real hyperbolic space
and determine all geodesically complete ones.

When exploring various left-invariant metrics and complex structures, some inter-
esting questions arise: What does this Lie group look like? Can it be visualized? If
so, what should we show? Geodesic spheres are compelling objects for visualization,
so we focused our interest on geodesic lines. While complex geodesics of the Bergman
metric on CH? are well-known, the real geodesics of various left-invariant metrics on
the Lie group CH? have not been studied so far.

Geodesics on Lie groups can be determined efficiently using a specific method.
Arnold [1] demonstrated that Euler’s equations of motion for a rigid body can be
interpreted as geodesic flows on a Lie group equipped with an invariant metric. This
allows the calculation of geodesics in Lie groups by the Euler-Arnold equation, which
transforms the system of second-order differential equations in the Lie group into
a system of first-order differential equations in its Lie algebra. A comprehensive
overview of the Euler-Arnold formalism can be found in Terence Tao’s book [17].

In this paper, we use the paraboloid model and horospherical coordinates [10]
of the complex hyperbolic space due to their compatibility with the Lie group CH>
structure. We present two main results. In Theorem 3.2 we present the explicit
formulation of the Euler-Arnold equations for any left-invariant Riemannian metric
on CH?, which allows us to visualize geodesic lines and spheres for various metrics.
In Theorem 3.3 we determine curves in the Lie algebra cho that correspond to the
geodesics of the Kahler metric on CH?. Finally, we set up equations in Corollary 3.4
that describe geodesics of the same metric on CH?. Since all considered metrics are
Riemannian, each of them is geodesically complete.

There is a wonderful feedback between geometry and computer-aided visualiza-
tions whereby studying geometry enables us to create visual representations that in
turn deepen our understanding of geometric objects and inspire further research. For
example, Goldman’s book Complex Hyperbolic Geometry — a comprehensive guide
and currently the main reference work on the geometry of CH™ — began ”as the
twin sibling of a computer program” (see [9, Preface]). In this paper we visualize
geodesic lines and spheres of non-isometric left-invariant Riemannian metrics on the
Lie group CH?. Since these objects live in four-dimensional real space CH?, one has
to choose a suitable method for their representation in three-dimensional space. We
have chosen to represent the complex component of the product CH? = Rt (CxR)
as the modulus of a complex number. This approach effectively reduces the dimen-
sion to three and enables the visualization of objects of the four-dimensional CH?2.
Wolfram Mathematica’s package Heisenberg [15], which inspired Goldman’s book [9],
uses a different method. The authors use a geodesic perspective from an ideal point
to project various objects from CH? onto the absolute of the Siegel model, i.e. onto
the Heisenberg group. This projection is particularly interesting because the absolute
is isomorphic to a horosphere, a surface modeling the three-dimensional Euclidean
space in CH?2. In other words, it allows the observer to view the complex hyperbolic
space with Fuclidean eyes. A similar approach, the visualization of real hyperbolic
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space by central projection onto a horosphere — i.e. projection onto a flat computer
screen embedded in RH? — has used in [19], the Mathematica package [3] as well as
in the author’s master thesis [2].

This paper is structured as follows: Section 2 considers the complex hyperbolic
space in the context of Lie groups. Here we introduce the multiplication law and horo-
spherical coordinates of the group CH2, the commutators of its Lie algebra chso, and
describe all non-isometric left-invariant Riemannian metrics. We compute the relation
between the left-invariant basis (eq, ea, e3, e4) and the coordinate basis (%, a%, a%%)
of the Lie algebra chs. This result is used later to find the geodesics.

The Section 3 is the main part of this paper. Theorem 3.2 gives Euler-Arnold
equations for the curve 7(t) on the Lie algebra chq, which corresponds to the geodesic
¢(t) of any left-invariant Riemannian metric on the Lie group CH?. In Theorem 3.3
we explicitly find the curves on the algebra cho corresponding to the geodesic of the
Kihler metric on CH2. In Corollary 3.4 we write the reconstruction problem for
finding geodesics of the same metric on CH>.

In Section 4 we visualize geodesic lines passing through the identity element of
the Lie group CH? as well as geodesic spheres centered at the identity.

2. Preliminaries

The complex hyperbolic plane is a symmetric space of negative sectional curvature
CH? = SU(1,2)/S(U(1) x U(2)).

The group SU(1,2) is its isometry group. In the Iwasawa decomposition, SU(1,2) =

K AN, the compact part K is the unitary group U(2), the nilpotent part N is the

Heisenberg group H? and A is a 1-dimensional abelian group. The completely solvable

group CH? = AN acts simply transitively on the complex hyperbolic plane, giving it

a Lie group structure.

This structure is well-represented in horospherical coordinates of the Siegel para-
boloid model of CH?, first introduced by Goldman and Parker in [10]. The root space
decomposition of the isometry group SU(1,2) provides coordinates on the absolute,
transforming it into the Heisenberg group, as shown in [9]. They considered a foliation
of the complex hyperbolic space by horospheres centered in a fixed point ¢, on
the absolute. The geodesic perspective induced by the parabolic pencil of the real
geodesics passing through ¢., projects the structure of the Heisenberg group onto
the horospheres. As a result, each horosphere can be endowed with coordinates from
the Heisenberg group, along with a height function to form a system of horospherical
coordinates [10].

CH?> =R" x H> =R* x (Cx R) = {(z,(,w) | z € RT,¢ € C,w € R},
with the identification ( = y 4 iz is
CH?> =R" x H?® = {(2,y,2z,w) | * € RT, (y, z,w) € H?}.

Horospheres centered in q., are level sets given by the equation H, : x = u. The
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absolute is Hy.

CH? belongs to a broader class of harmonic NA groups (one-dimensional exten-
sions of H-type groups [18]). The multiplication law [18] is given in horospherical
coordinates

1
(,y,2,w) - (2,9, 2", w') = (acx/, y+Vry, 2+ Vxd, wtaw + 5\/5(21/ — yz’)) ,

with inverse (z,y, z,w) ! = (%, —ﬁ% —ﬁz, —%w)7 and the identity element (1,0, 0,0).
From the multiplication law, one can derive the commutators of the Lie algebra

cho and the relation between coordinate and left-invariant basis.

LEMMA 2.1. The relation between the coordinate (a%, a%’ %%) and the left-invariant
basis (e1, ez, es,eq) of the Lie algebra chy is
0 0 z 0 o y o 0

AT ﬁ(3y+28w)’ s \/5(82 28w)’ “4T Tow (1)
Proof. Left-invariant vector fields are obtained by left translations of coordinate vec-
tor fields. If a(t) = (1 +¢,0,0,0) is a parameterized curve through the identity
e = (1,0,0,0) in the direction of the coordinate vector % and ¢ = (z,y,2,w) is an
arbitrary element of CH?, then

Ly(a(t)) = q- a(t) = (z,y,2,w) - (1 +1,0,0,0) = (z(1 +1),y,2,w).

It follows that

d )
7 (Lo(a(t))) = (,0,0,0) = 27 = e

Similarly, consider the curve 3(¢) = (1,t,0,0) through the identity in the direction

9
ofa—y

Ly(B#) = 9 B0) = (29,2, 0) - (1,£,0,0) = (2, + Vb, 2w + 5 VT=1),

d 1 0 1 0
%(Lg(ﬂ(t))) = (0,/z,0, 5\/52) = \/507/ + 5\/52% = es.
We get all other left-invariant fields in the same way. U
Transition matrices between the left-invariant and the coordinate basis are
z 0 0 0 L0 o0 o
0 vz 0 0 0 |0 g5 00
dhy=C=1qg \/:Eovqu:C:()oﬁo
0 Fe 0o & % !
(2)
The nonzero commutators of the Lie algebra cho are
1
Ch2 : [61762] = 5627 [61;63] = 5637 [61764] = €4, [63;62] = €é4. (3)

Every positive-definite inner product on a Lie algebra determines a left-invariant
Riemannian metric on the corresponding Lie group by left translations. Thus the fol-
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lowing theorem describes all non-isometric left-invariant Riemannian metrics on CH?.

THEOREM 2.2 ([20]). All non-isometric positive definite inner products on chg, in
some basis with Lie algebra commutators (3), are represented by

S(p,b,B) =

(3
p
b
. (4)
0

SO = o
o= O o
S =N el

where b >0, B >0, p—b>>0.

We denote by g(p, b, 8) a left-invariant metric defined by inner product S(p, b, f).
When b = 0, p3 = 1, the left-invariant metric is Einstein, and CH? equipped with
this metric is a Kéhler manifold with constant holomorphic sectional curvature —(
(see [20]).

3. Geodesics

The standard method for finding geodesics in a Lie group with a left-invariant metric
is to reduce the system of second-order differential equations of geodesics in the group
to the first-order differential equations in its Lie algebra, as described below.
To each curve ¢(t) in a Lie group G we associate a curve ~(¢) in its Lie algebra g
V(1) = dL_ 3 é(t). (5)
The curve y(t) in the Lie algebra g corresponding to a geodesic c(t) in G satisfies the
Euler-Arnold equation
¥ = ad’y, (6)
where ad’, is the transpose operator of the operator ad, with respect to a left-invariant
metric (ad} X,Y) = (X, ad,Y).
For proof that the curves obtained this way are truly geodesics, see Arnold’s
seminal paper [1] or a comprehensive overview of the subject in [17]. To visualize
the geodesic spheres, the geodesics obtained from equation (6) must be naturally

parameterized. Although the next statement is well-known, we presented a proof for
the completeness of the exposition.

LEMMA 3.1. A geodesic ¢(t) in a Lie group whose corresponding curve y(t) = dL;(i)c'(t)
satisfies (6) is parameterized by the arclength.

Proof. Koszul’s formula for a left-invariant metric g
29(VxY,Z2)=Xg(Y,Z)+Yg(X,Z) — Zg(X,Y)
+ (X, Y], 2) - g([X, 2], Y) - g([V, Z], X),
applied to any left-invariant vector field Z and the geodesic ¢(t) yields
0=29(Vee,Z) =2¢9(¢, Z) — Zg(¢,é) — 2g(¢, [¢, Z]). (7)
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Using Leibniz’s rule and the left invariance of the vector field Z, we compute

¢g(¢, Z) = g(é(¢), Z) + g(¢, &(Z)) = g(¢, Z)
and 9(¢,1¢,2]) = g(¢,ad: Z) = g(adié, Z).
Therefore, the equation (7) becomes

29(¢,2) — Zg(¢,¢) —2g(adi¢, Z) = 0.
From (6) we have g(,Z) = g(ad3~, Z). Since vector field Z and metric g are left-
invariant, by left translation we get g(¢, Z) = g(adi¢, Z). It follows that Zg(¢,¢) =0,
i.e. the geodesic ¢ has a constant speed. O

The following theorem describes curves on the Lie algebra chs corresponding to
geodesics of the Lie group CH? with respect to all possible non-isometric left-invariant
Riemannian metrics.

THEOREM 3.2. Let g(p,b, B) be the metric given by the scalar product of the form (4).
The corresponding Euler-Arnold equations on the Lie algebra chy in basis (1) are

PR ol 73"+ (4%)° + 2687°y* + 28 (v)”

2(p—0?) ’
o Pb (’71)2 +(p+0*) '+ (72)2 +b (73)2 +2689* (p7® + by?)
T 2 (8
2(p—0?)
. 1
V=571 = By
,7'/4 — 7174.

Proof. If we denote ¥ by v = v'e;, our goal is to find coordinates v* in left-invariant
basis (1) with Lie algebra commutators (3). From the Euler-Arnold equation (6)
v =ad.,

we have (v, e;) = (ad’y,e;) = (v, adye;) = (7, [7,¢€i]). Applying Einstein’s summation
convention, the last equation can be rewritten as (viej, e;) = (YFer, [Yles, €;]), giving
vi{ej,e;) = vy ek, [er, e]). If we denote by g;; = (ej,e;) = gi; the coefficients of
the left-invariant metric g defined by the scalar product (4), then the last equation
becomes ngji = ~v*yl{er, [e1, e5]). Multiplying by the inverse metric, we get

v = g7 e, [er, ei]) = g7y Y e, ciitem) = 977 Y i ew em) = 97 grmcii v

where ¢, are the structure constants of the Lie algebra che . The system (8) now
follows by direct calculation.

In the special case of metric being Kéhler, the explicit solution of the system (8)
is obtained in the following theorem.

THEOREM 3.3. In the case of the Kdhler metric, i.e. pf = 1, b = 0, the curve
v(t) = ¥4 (t)e; in basis (1) satisfying Euler-Arnold equations on the Lie algebra chy is
given as follows
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e in the plane ¥ = Span{e1,e4}
201
B cosh(2¢1t + ¢3)

~y(t) = <—201 tanh(2¢1t + ¢2),0,0, = ) , o €R, ¢; >0,

(9)
or ~(t)=(1,0,0,0).

o in the planes I, = Span{ei,eqs}, ey =cospes+singes, ¢ € [0,7)
2c1 cos ¢ 2c1 sin @ 0 (10)
" V/Beosh(cit + ca) /Beosh(eit +c3)’ )

~(t) = (—201 tanh(e1t + ¢2)

co €R, ¢ >0.

o in chy\ (U¢e[o,ﬁ> H¢) \2
L 2o (efe2(eaD) —16c3c3 — 4)

(2+ 6202(04*1‘/))2 + 16¢3¢3 ’

9 2
v = \/;rcosga, ()
= \/77‘sin<p,
B

C1
’Y4 = :tir27

B

where
462662(6470

" AT 1683 § 42D} ol D)

1 2.2
(p = sarcsin _rar + cs, s = —Sgn’y1 sgn’y4,
1 —|—4c%c§

c3,cq €ER,  c1,c9 > 0.

Proof. In the Kéhler case, the system (8) is

3= =2 (077 + (0% +28 (")),

L 1
= Syt 4 By,

2
-3 113 2 4
V=357 - By,
’14:’}’1'74-

Linear change of coordinates

/71 = 2&1, 72 = S Q2, Y

ﬁ Ba& V= Baﬁlv (12)
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transforms the previous system to
) 1
ap = 3 (ag—&—a%—&—ai),
G = g + Q3Qy, (13)

Q3 = 103 — 204,

d4 = 20&10[4.

Note that plane ¥ : ag = a3 = 0 is an invariant manifold of the system (13). The
system restricted to this plane is

. 1, .
a1 =—505, 4= 201 v,
and its solution is
201
a1 = —cptanh(2¢1t +¢3), auy=+————, c¢1,c0 €R, ¢ >0.
1 1 ( 1 2) 4 COSh(QClt—‘rCQ)’ 1,€2 ) 1

Returning to the linear change of coordinates (12) we get the solution (9) from the
theorem statement.

Now we consider cha\X. When we introduce the cylindrical coordinates
Qg =TCosY, a3 =rsingp,

system (13) becomes

1
i =—3 (r* +a3), (14)
7= aqr, (15)
© = —au, (16)
d4 = 2a1a4. (17)
Combining (15) and (17) gives

a1 = C7 d4 = 20410[4 = 2fa4 (18)

r r

If oy = 0, then from the equation (16) ¢ is constant, say ¢ = ¢, ¢ € [0,7), and
the plane II, = Span{ei,es}, ey = cospes + singes, is an invariant plane of the
system. Restriction to this plane gives

. 15,

041:—57“ , = a0aqT.
The solution is

Cl\/g
a1 = —citanh(cit+¢), r=——+7——¥—"—"—"—, ¢, €R, ¢ >0,
! ! (e 2) cosh(cit + o) 1o !
or equivalently
c1V2 cos ¢ ) c1V/2sin ¢
a; = —cptanh(eit +¢2), ay=rcosp=———— az=rsing=———"——.
! ! (1t + ) 2 ¢ cosh(cit + ¢2) 8 ¢ cosh(cit + ¢2)

Returning to the linear change of coordinates (12) we get the solution (10) from the
theorem statement.
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If gy # 0, then from (18) we get g—j = 27z Integrate the last equation
Injoy| =2Inr +¢, |oy| = r2ec,
as = teir?, e > 0. (19)
From (14), (15) and (19) we have

T,oo o4y 1,5, o . _day  daydr doy., doy
o (Frart) =5 (P +al) =du= 5 = 0oy = 0= e
1

-3 (r+cir®) dr = aidoy,

Integrate the previous equation

1/r2 At a? r2 2r?
—5 (2—1—111) —4—0:717 c>0, thus, of = —— <1+12> + 2c.

Rename c3 = 2¢, and we get

r2 627‘2
o zi\/—2 (1+12) +c2, (20)
2.2
1

with ¢3 > 5 (1 + 627 ) or equivalently

4c3 —2r* — c3rt > 0. (21)
From (15) and (20) we have
d 2 2,.2 d
C;;:f:alr:ir\/—g(l—s-ci)—i—c% and dt =+ !

r\/—rj (1+97) + 43
By integrating the last equation we get
1
t==+ (2 (hl (80% — 272 + deg[4Ac3 — 212 — c%r‘l) —2In r) + 64) . (22)
C2
4egec2(ca=t)
A+ 1633 + de2ea(caD) 1 glealea—t)
If we return (23) in (21) we see that the condition for constants is fulfilled for every ¢
4¢3 (ete2(a=) — 16¢3c3 — 4)2
(0 497 + 1046
From (16) and (19) ¢ = —ay = Feyr?. From the previous equation and (15)
2 dp dedr dp

—sgn(ay)er® == — —— .

dt ~ drdt dr

and 7 (23)

42 —2r? — A1t >0,

From the previous equation and (20)

d r2 c2r?
—sgn(ay)eyr = sgn(al)df\/2 (1 + 14> + 3,
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cyrdr

dp = —sgn(a1) sgn(au) \/ ;

2,.2
-5 (1+97) +4

2 Sgnl g ) Sgnl g ) arcsin + c3. 4
g 1)58 4 1 1 3

e ¢ (—=1,1), or equivalently 4c3 > 2r? + cr* is
m s L) 2 1
the same as we already got in (21) and it is always fulfilled.
From (15) and (23) we have
i o (ete2(ea=t) _ 16622 — 4
o] = f = 2 ( 3 172 ) . (25)
r (e2e2(ca=t) 4+ 2)7 + 16¢3c3
Finally when we return the solutions (25), (23), (24), (19) into the linear change of
coordinates (12), we obtain the solution (11) from the theorem statement. U

The condition for constants

Once the solution of the Euler-Arnold equation has been found in the algebra,
one should solve the reconstruction problem given by (5) to find the geodesic on the
group. We explicitly write this problem for the K&hler metric.

COROLLARY 3.4. When the metric is Kdhler, i.e. p8 =1, b =0, the geodesic ¢(t) =
(z,y, z,w) on the Lie group CH? through the identity satisfies

. . . .1 1

=2y, g=var' E=Vay = gaVa? - oyvay (26)
with the initial conditions ¢(0) = (1,0,0,0), ¢(0) = v(0), where the curve «y is given
by Theorem 3.3. Specifically,

e Ino:y =z =0, the integral plane through the identity of the distribution
Y = Span{ey, eq}, the geodesics are

cosh co cosh co sinh co
= (%12 40+ tanh(2c;t - ,
() (cosh(cht—l—cQ)’ ( 5 (2ert + c) B ))
c1,60 €R, 1 >0, and  c(t) = (€4,0,0,0), teR.

o In the family Ty : w = 0, cos¢pz —singy = 0, the integral planes through the
identity of the distributions IL, = Span{ei, ey}, ey = cospes +singes, ¢ € [0,7),
the geodesic c(t) is given by

h2
2(t) = — 5,
cosh”(c1t + ¢2)
2
y(t) = —= cos(¢) (cosh ¢y tanh(cit 4 ¢2) — sinh(es)),

VB

2
— sin(¢) (cosh ¢z tanh(eit + ¢2) — sinh(cz)),

VB

w(t) =0, c,c0€R, ¢ >0 teR.

I
—~~
~~
~—
I
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Proof. If we substitute the transition matrix (2) in (5) we get the equations (26)
directly. Straightforward calculation using special case (9) and (10) from Theorem 3.3
gives geodesics of planes o and 7, respectively. O

REMARK 3.5. Besides geodesic lines the only proper totally geodesic subspaces of
CH? are complex lines and totally real Lagrangian planes [14]. These spaces are
related to invariant manifolds of the system (13) from Theorem 3.3. Namely the
plane ¥ = Span{e;, e4} has Lie algebra commutators [e1, 4] = €4, and each plane of
the family

I, = Span{eq,es}, ey =cospes +singes, ¢ € [0,m)
has commutators [e1, e4] = %e¢. As Lie algebras, all of them are isomorphic to the

real hyperbolic plane. Using curvature formulas from [20] one can calculate that ¥
has constant sectional curvature —f8 with respect to Kahler metric g(%,O, B) and it

is isometric to complex line. Planes II, have constant sectional curvature —% B and
they correspond to totally real Lagrangian planes of the complex hyperbolic plane.
Their integral planes o and 74 are the half-plane models of the real hyperbolic plane.

4. Visualization

Now we use horospherical coordinates to visualize geodesics through the identity
element of the Lie group CH? = Rt x H? = Rt x (Cx R) = {(z,(,w) | z e RT,( €
C,w € R} equipped with non-isometric left-invariant Riemannian metrics. In order to
visualize objects of 4-dimensional real space we show the modulus of complex number
¢ =y +iz, i.e. the plot coordinates are (z, |||, w). For creating the below images we
used numerical solutions of the equations of geodesics from Theorem 3.2 with different
parameters of metrics g(p, z, 8) defined by inner products (4). Thanks to Lemma 3.1
we know that the geodesics are of constant speed, which allows us to visualize the
geodesic spheres.

Figure 1: Standard Kahler metric of CH?: p=1,=1,b=0
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Figure 3: p=1,4=2,b=1
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