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DISTANCE BETWEEN EDGES IN STRONG DOUBLE GRAPHS
AND RELATED GRAPH INVARIANTS

Mahdieh Azari

Abstract. The distance between two edges in a simple connected graph can be described
as the distance between the corresponding vertices in its line graph. In this paper, we
determine the distance between edges in strong double graphs and apply our results to
compute some edge distance-related invariants for this family of graphs.

1. Introduction

All graphs considered in this paper are finite, simple and connected. Let G be a graph
with vertex set V (G) and edge set E(G). The degree dG(u) of a vertex u ∈ V (G)
is the number of edges incident to u. Two distinct edges e = uv and f = zt of G
are considered adjacent if they have a vertex in common. The line graph L(G) of
G is the graph whose vertices correspond to the edges of G, with two vertices being
adjacent if and only if the corresponding edges are adjacent in G. The degree dG(e)
of an edge e = uv ∈ E(G) is the degree of the corresponding vertex e in the line graph
of G, which is equal to dG(e) = dG(u) + dG(v) − 2. We denote with NG(e) the set
of all edges adjacent to e ∈ E(G) and with δG(e) the sum of the degrees of all edges
adjacent to e, i.e. δG(e) =

∑
f∈NG(e) dG(f).

The distance dG(u, v) between the vertices u, v ∈ V (G) is the length of any shortest
path in G that contains u and v. The transmission (also called status) DG(u) of a
vertex u ∈ V (G) is the sum of the distances between u and all other vertices v

of G, i.e. DG(u) =
∑

v∈V (G) dG(u, v). We use D
(2)
G (u) to denote the sum of the

squares of the distances between a vertex u ∈ V (G) and all other vertices v of G, i.e.

D
(2)
G (u) =

∑
v∈V (G) dG(u, v)

2.

The distance dG(e, f) between the edges e = uv and f = zt of G was described
in [7, 15, 18] as the distance between the corresponding vertices e and f in the line
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16 Strong double graphs

graph of G. If e and f are distinct, then it was proved in [15] that,

dG(e, f) = min{dG(u, z), dG(u, t), dG(v, z), dG(v, t)}+ 1.

We denote with DG(e) the transmission of the edge e ∈ E(G), which is the sum of
the distances between e and all other edges f of G, i.e. DG(e) =

∑
f∈E(G) dG(e, f),

and with D
(2)
G (e) the sum of the squares of the distances between an edge e ∈ E(G)

and all other edges f of G, i.e. D
(2)
G (e) =

∑
f∈E(G) dG(e, f)

2.

The distance between a vertex u and an edge e = xy of G was proposed in [6, 18]
as dG(u, e) = dG(e, u) = min{dG(u, x), dG(u, y)}.

We denote with D′
G(u) the sum of the distances between a vertex u ∈ V (G)

and all edges e of G, i.e. D′
G(u) =

∑
e∈E(G) dG(u, e), and with D

′(2)
G (u) the sum

of the squares of the distances between a vertex u ∈ V (G) and all edges e of G,

i.e. D
′(2)
G (u) =

∑
e∈E(G) dG(u, e)

2. We denote with D′
G(e) the sum of the distances

between an edge e ∈ E(G) and all vertices u of G, i.e. D′
G(e) =

∑
u∈V (G) dG(u, e)

and with D
′(2)
G (e) the sum of the squares of the distances between an edge e ∈ E(G)

and all vertices v of G, i.e, D
′(2)
G (e) =

∑
u∈V (G) dG(u, e)

2.

In the field of chemical graph theory, a topological index is a numerical parameter
of a graph that characterizes its topology and is usually graph invariant. Topological
indices are used in the development of quantitative structure-activity relationships
(QSARs), in which the biological activity or other properties of molecules are corre-
lated with their chemical structure.

The Wiener index, introduced by Wiener [29] in 1947, was the first topological
index to be recognized in chemical graph theory. The Wiener index of a graph G was
formulated by

W (G) =
∑

{u,v}⊆V (G)

dG(u, v) =
1

2

∑
u∈V (G)

DG(u).

The edge-Wiener index of a graph G was introduced by Iranmanesh et al. [15] as

We(G) =
∑

{e,f}⊆E(G)

dG(e, f) =
1

2

∑
e∈E(G)

DG(e).

The edge-Wiener index of a graph can also be introduced as the Wiener index of its
line graph [7]. Another definition for the edge-Wiener index was given in [18].

The vertex-edge Wiener index of a graph G was introduced in [6, 18] as

Wve(G) =
∑

u∈V (G)

∑
e∈E(G)

dG(u, e) =
∑

u∈V (G)

D′
G(u) =

∑
e∈E(G)

D′
G(e).

The hyper-Wiener index of acyclic graphs was introduced by Randić [24] in 1993.
Then Klein et al. [19] generalized Randić’s definition for all connected graphs in 1995.
The hyper-Wiener index of a graph G was formulated as

WW (G) =
1

2

(
W (G) +W (2)(G)

)
,
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where W (2)(G) =
∑

{u,v}⊆V (G)

dG(u, v)
2 =

1

2

∑
u∈V (G)

D
(2)
G (u).

The edge hyper-Wiener index of a graph G was defined by Iranmanesh et al. [17] as

WWe(G) =
1

2

(
We(G) +W (2)

e (G)
)
,

where W (2)
e (G) =

∑
{e,f}⊆E(G)

dG(e, f)
2 =

1

2

∑
e∈E(G)

D
(2)
G (e).

The vertex-edge hyper-Wiener index of a graph G was proposed in [5] as

WWve(G) = Wve(G) +W (2)
ve (G),

where W (2)
ve (G) =

∑
u∈V (G)

∑
e∈E(G)

dG(u, e)
2 =

∑
u∈V (G)

D
′(2)
G (u) =

∑
e∈E(G)

D
′(2)
G (e).

The degree distance was introduced by Dobrynin and Kochetova [8] and at the
same time by Gutman [10] as a weighted version of the Wiener index. It was formu-
lated for a graph G as

DD(G) =
∑

{u,v}⊆V (G)

(
dG(u) + dG(v)

)
dG(u, v) =

∑
u∈V (G)

dG(u)DG(u).

The edge-degree distance of a graph G was defined by Iranmanesh et al. [16] as

DDe(G) =
∑

{e,f}⊆E(G)

(
dG(e) + dG(f)

)
dG(e, f) =

∑
e∈E(G)

dG(e)DG(e).

We define the vertex-edge degree distance of a graph G as

DDve(G) =
∑

u∈V (G)

dG(u)D
′
G(u),

and the edge-vertex degree distance of G as

DDev(G) =
∑

e∈E(G)

dG(e)D
′
G(e).

The Gutman index was introduced in 1994 by Gutman [10] as a kind of vertex-
valency-weighted sum of the distances between all pairs of vertices in a graph. The
Gutman index of a graph G was formulated as

Gut(G) =
∑

{u,v}⊆V (G)

dG(u)dG(v)dG(u, v) =
1

2

∑
u∈V (G)

dG(u)SG(u),

where SG(u) =
∑

v∈V (G)

dG(v)dG(u, v).

The edge-Gutman index of a graph G was defined by Iranmanesh et al. [16] as

Gute(G) =
∑

{e,f}⊆E(G)

dG(e)dG(f)dG(e, f) =
1

2

∑
e∈E(G)

dG(e)SG(e),
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where SG(e) =
∑

f∈E(G)

dG(f)dG(e, f).

We define the vertex-edge-Gutman index of a graph G as

Gutve(G) =
∑

u∈V (G)

∑
e∈E(G)

dG(u)dG(e)dG(u, e).

The vertex-edge-Gutman index can also be expressed as

Gutve(G) =
∑

u∈V (G)

dG(u)S
′
G(u) =

∑
e∈E(G)

dG(e)S
′
G(e),

where S′
G(u) =

∑
e∈E(G)

dG(e)dG(u, e), S′
G(e) =

∑
u∈V (G)

dG(u)dG(u, e).

The first Zagreb index of a graph G was introduced by Gutman and Trinajstić [11]
in 1972 and the second Zagreb index was proposed by Gutman et al. [12] in 1975 as

M1(G) =
∑

u∈V (G)

dG(u)
2 =

∑
uv∈E(G)

(
dG(u) + dG(v)

)
, M2(G) =

∑
uv∈E(G)

dG(u)dG(v).

The forgotten topological index [9, 11] was expressed for a graph G as

F (G) =
∑

u∈V (G)

dG(u)
3 =

∑
uv∈E(G)

(
dG(u)

2 + dG(v)
2
)
.

It can be easily verified that ,∑
e∈E(G)

δG(e) = M1(L(G)) =F (G) + 2M2(G)− 4M1(G) + 4|E(G)|,

∑
e∈E(G)

dG(e)δG(e) =2M2(L(G)).
(1)

Many graphs are obtained from simpler graphs by the use of graph transformations
and, as a consequence, the properties of the resulting graphs are strongly related to the
properties of their parent graphs. For this reason, the study of graph transformations
is an important research topic in graph theory. The present work deals with the study
of an interesting family of graph transformations, the so-called strong double graphs.
Some vertex-degree-based invariants of strong double graphs were computed in [13,
22,23]. Sardar et al. [25,26] determined some topological indices of the strong double
graph of silicon carbide Si2C3 − I[p, q] and the circumcoronene series of benzenoid.
Ali et al. [2] considered vertex-degree-based topological indices of the strong double
graph of the Dutch windmill graph. Akhter et al. [1] investigated the relationship
between the vertex version of the Wiener, hyper-Wiener, degree distance and Gutman
indices of the strong double graph with the corresponding invariants of its parent
graph. Here we follow this process to study such relationship for the edge versions of
these graph invariants. Readers interested in more information on the mathematical
properties, theory, and applications of edge distance-based topological indices can
consult [3, 4, 14,21,27,28,30], and the references therein.
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2. Definitions and preliminaries

We start this section with definition of the strong double graph.

Definition 2.1. Let G be a graph with vertex set V (G) = {v1, v2, . . . , vn}. The
strong double graph SD[G] of G is obtained by taking two distinct copies X =
{x1, x2, . . . , xn} and Y = {y1, y2, . . . , yn} of G by preserving the primary edge set
of each copy and joining each vertex in one copy with the closed neighborhood of the
corresponding vertex in another copy (see [20]).

From Definition 2.1, SD[G] has 2n vertices and n + 4m edges, where m is the
number of edges ofG. The degree of any vertex and the distance between two arbitrary
vertices in strong double graph were computed in [1].

Lemma 2.2 ([1]). The degree of each vertex in SD[G] is given by

dSD[G](xi) = dSD[G](yi) = 2dG(vi) + 1.

Lemma 2.3 ([1]). The distance between each pair of vertices in SD[G] is given by

dSD[G](xi, xj) =dSD[G](yi, yj) = dG(vi, vj), dSD[G](xi, yj) =

{
dG(vi, vj), i ̸= j,

1, i = j.

In the following lemmas, we compute the degree of an edge and the distance
between edges in strong double graph. The results follow from Lemmas 2.2 and 2.3
and the proofs are omitted.

Lemma 2.4. For 1 ≤ i ≤ n, dSD[G](xiyi) = 4dG(vi), and for each edge vivj ∈ E(G),

dSD[G](xixj) = dSD[G](yiyj) = dSD[G](xiyj) = dSD[G](xjyi) = 2dG(vivj) + 4.

Lemma 2.5. For each pair of edges vivj , vrvs ∈ E(G), we have

dSD[G](xixj , xrxs) =dSD[G](yiyj , yrys) = dG(vivj , vrvs);

dSD[G](xixj , xryr) =dSD[G](yiyj , xryr) = dSD[G](xiyj , xryr) = dG(vivj , vr) + 1;

dSD[G](xixj , xrys) =dSD[G](yiyj , xsyr) =

{
dG(vivj , vrvs) + 1, s ∈ {i, j},
dG(vivj , vrvs), s /∈ {i, j};

dSD[G](xixj , yrys) =


dG(vivj , vrvs) + 2, {r, s} = {i, j},
dG(vivj , vrvs) + 1, r ∈ {i, j} or s ∈ {i, j}, {r, s} ≠ {i, j},
dG(vivj , vrvs) r, s /∈ {i, j};

dSD[G](xiyj , xrys) ={


dG(vivj , vrvs) + 2, r = j, s = i,

dG(vivj , vrvs) + 1, r = j, s ̸= i or s = i, r ̸= j,

dG(vivj , vrvs), r = i, s = j or r, s /∈ {i, j};

dSD[G](xiyi, xryr) =

{
0, r = i,

dG(vi, vr) + 1, r ̸= i.



20 Strong double graphs

3. Main results

In this section, we study the edge version of the Wiener, hyper-Wiener, degree dis-
tance, and Gutman indices for strong double graph. Throughout this section, let G be
a graph of size m and vertex set V (G) = {v1, v2, . . . , vn} and let V (SD[G]) = X ∪ Y ,
where X = {x1, x2, . . . , xn} and Y = {y1, y2, . . . , yn} are two distinct copies of V (G).

Theorem 3.1. The edge-Wiener index of SD[G] is given by

We(SD[G]) = 16We(G) + 4Wve(G) +W (G) + 4M1(G) +

(
n

2

)
+ 4nm. (2)

Proof. Corresponding to each vivj ∈ E(G), there exist four edges xixj , yiyj , xiyj , xjyi ∈
E(SD[G]). Then

DSD[G](xixj) =
∑

xrxs∈E(SD[G])

dSD[G](xixj , xrxs)+
[
dSD[G](xixj , yiyj)

+
∑

yiys∈E(SD[G]):
s̸=j

dSD[G](xixj , yiys)+
∑

yryj∈E(SD[G]):
r ̸=i

dSD[G](xixj , yryj)

+
∑

yrys∈E(SD[G]):
r,s ̸=i,j

dSD[G](xixj , yrys)
]
+
[ ∑
xryi∈E(SD[G]):

r ̸=i

dSD[G](xixj , xryi)

+
∑

xryj∈E(SD[G]):
r ̸=j

dSD[G](xixj , xryj)+
∑

xrys∈E(SD[G]):
s̸=r,i,j

dSD[G](xixj , xrys)
]

+

n∑
r=1

dSD[G](xixj , xryr).

Now from Lemma 2.5, we get

DSD[G](xixj) =
∑

vrvs∈E(G)

dG(vivj , vrvs)+
[(
dG(vivj , vivj)+2

)
+

∑
vivs∈E(G):

s̸=j

(
dG(vivj , vivs)+1

)
+

∑
vrvj∈E(G):

r ̸=i

(
dG(vivj , vrvj)+1

)
+

∑
vrvs∈E(G):

r,s ̸=i,j

dG(vivj , vrvs)
]
+
[ ∑
vrvi∈E(G)

(
dG(vivj , vrvi)+1

)
+

∑
vrvj∈E(G)

(
dG(vivj , vrvj)+1

)
+

∑
vrvs∈E(G):

s̸=i,j

dG(vivj , vrvs)
]

+

n∑
r=1

(
dG(vivj , vr)+1

)
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=DG(vivj)+
(
2+DG(vivj)+dG(vi)− 1+dG(vj)− 1

)
+
(
2DG(vivj)+dG(vi)+dG(vj)

)
+
(
D′

G(vivj)+n
)

=4DG(vivj)+D′
G(vivj)+2

(
dG(vi)+dG(vj)

)
+n.

By symmetry, for each edge vivj ∈ E(G), we have

DSD[G](yiyj) = DSD[G](xiyj) = DSD[G](xjyi) = DSD[G](xixj)

= 4DG(vivj)+D′
G(vivj)+2

(
dG(vi)+dG(vj)

)
+n.

(3)

Similarly for 1 ≤ i ≤ n, we have

DSD[G](xiyi) =
∑

xrxs∈E(SD[G])

dSD[G](xiyi, xrxs)+
∑

yrys∈E(SD[G])

dSD[G](xiyi, yrys)

+
∑

xrys∈E(SD[G]):
r ̸=s

dSD[G](xiyi, xrys)+
∑

xryr∈E(SD[G]):
r ̸=i

dSD[G](xiyi, xryr).

Now from Lemma 2.5, we get

DSD[G](xiyi) =
∑

vrvs∈E(G)

(
dG(vrvs, vi)+1

)
+

∑
vrvs∈E(G)

(
dG(vrvs, vi)+1

)
+2

∑
vrvs∈E(G)

(
dG(vrvs, vi)+1

)
+

n∑
r=1,
r ̸=i

(
dG(vi, vr)+1

)
=4

(
D′

G(vi)+m
)
+DG(vi)+n− 1,

from which

DSD[G](xiyi) = 4D′
G(vi)+DG(vi)+n− 1+4m. (4)

Now from the definition of the edge-Wiener index and (3) and (4), we obtain

We(SD[G]) =
1

2

(
4

∑
xixj∈E(G)

DSD[G](xixj)+

n∑
i=1

DSD[G](xiyi)
)

=2
∑

vivj∈E(G)

(
4DG(vivj)+D′

G(vivj)+2
(
dG(vi)+dG(vj)

)
+n

)

+
1

2

n∑
i=1

(
4D′

G(vi)+DG(vi)+n− 1+4m
)

= [16We(G)+2Wve(G)+4M1(G)+2nm]+[2Wve(G)+W (G)+

(
n

2

)
+2nm]

= 16We(G)+4Wve(G)+W (G)+4M1(G)+

(
n

2

)
+4nm,

from which (2) follows. □
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Theorem 3.2. The edge-hyper-Wiener index of SD[G] is given by

WWe(SD[G]) =16WWe(G) + 2WWve(G) +WW (G) + 4Wve(G)

+W (G) + 8M1(G) +

(
n

2

)
+ 4nm− 6m.

(5)

Proof. Let vivj ∈ E(G). Then

D
(2)
SD[G](xixj) =

∑
xrxs∈E(SD[G])

dSD[G](xixj , xrxs)
2+

[
dSD[G](xixj , yiyj)

2

+
∑

yiys∈E(SD[G]):
s̸=j

dSD[G](xixj , yiys)
2+

∑
yryj∈E(SD[G]):

r ̸=i

dSD[G](xixj , yryj)
2

+
∑

yrys∈E(SD[G]):
r,s ̸=i,j

dSD[G](xixj , yrys)
2
]
+
[ ∑
xryi∈E(SD[G]):

r ̸=i

dSD[G](xixj , xryi)
2

+
∑

xryj∈E(SD[G]):
r ̸=j

dSD[G](xixj , xryj)
2+

∑
xrys∈E(SD[G]):

s̸=r,i,j

dSD[G](xixj , xrys)
2
]

+

n∑
r=1

dSD[G](xixj , xryr)
2.

Using Lemma 2.5 and by the same reasoning as in the proof of Theorem 3.1, we
get

D
(2)
SD[G](xixj) = 4D

(2)
G (vivj)+D

′(2)
G (vivj)+2D′

G(vivj)+6
(
dG(vi)+dG(vj)

)
+n−6.

Similarly, for 1 ≤ i ≤ n, we have

D
(2)
SD[G](xiyi) =

∑
xrxs∈E(SD[G])

dSD[G](xiyi, xrxs)
2+

∑
yrys∈E(SD[G])

dSD[G](xiyi, yrys)
2

+
∑

xrys∈E(SD[G]):
r ̸=s

dSD[G](xiyi, xrys)
2+

∑
xryr∈E(SD[G]):

r ̸=i

dSD[G](xiyi, xryr)
2.

By the same way as in the proof of Theorem 3.1, we get

D
(2)
SD[G](xiyi) = 4D

′(2)
G (vi)+D

(2)
G (vi)+8D′

G(vi)+2DG(vi)+n−1+4m.

Hence

W (2)
e (SD[G]) =

1

2

(
4

∑
xixj∈E(SD[G])

D
(2)
SD[G](xixj)+

n∑
i=1

D
(2)
SD[G](xiyi)

)
=2

∑
vivj∈E(G)

(
4D

(2)
G (vivj)+D

′(2)
G (vivj)+2D′

G(vivj)+6
(
dG(vi)+dG(vj)

)
+n−6

)

+
1

2

n∑
i=1

(
4D

′(2)
G (vi)+D

(2)
G (vi)+8D′

G(vi)+2DG(vi)+n−1+4m
)

=16W (2)
e (G)+2W (2)

ve (G)+4Wve(G)+12M1(G)+2m(n−6)
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+2W (2)
ve (G)+W (2)(G)+4Wve(G)+2W (G)+

(
n

2

)
+2nm

=16W (2)
e (G)+4W (2)

ve (G)+8Wve(G)+W (2)(G)+2W (G)

+12M1(G)+

(
n

2

)
+4nm−12m.

Now by definition of the edge-hyper-Wiener index and (2), we get

WWe(SD[G]) =
1

2

(
We(SD[G])+W (2)

e (SD[G])
)

=
1

2

(
16We(G)+4Wve(G)+W (G)+4M1(G)+

(
n

2

)
+4nm+16W (2)

e (G)

+4W (2)
ve (G)+8Wve(G)+W (2)(G)+2W (G)+12M1(G)+

(
n

2

)
+4nm−12m

)
=16WWe(G)+2WWve(G)+WW (G)+4Wve(G)+W (G)+8M1(G)+

(
n

2

)
+4nm−6m,

from which (5) follows. □

Theorem 3.3. The edge-degree distance of SD[G] is given by

DDe(SD[G]) =32DDe(G)+8DDev(G)+16DDve(G)+4DD(G)+16Wve(G)

+128We(G)+16F (G)+32M2(G)+8nM1(G)+8m(n−1+4m).
(6)

Proof. By definition of the edge-degree distance and Definition 2.1, we get

DDe(SD[G]) =4
∑

xixj∈E(SD[G])

dSD[G](xixj)DSD[G](xixj) +

n∑
i=1

dSD[G](xiyi)DSD[G](xiyi).

Now by Lemmas 2.4 and 2.5 and (3) and (4), we obtain

DDe(SD[G]) = 4
∑

vivj∈E(G)

(
2dG(vivj)+4

)(
4DG(vivj)+D′

G(vivj)+2
(
dG(vi)+dG(vj)

)
+n

)

+

n∑
i=1

4dG(vi)
(
4D′

G(vi)+DG(vi)+n− 1+4m
)

=4
∑

vivj∈E(G)

(
8dG(vivj)DG(vivj)+2dG(vivj)D

′
G(vivj)+4dG(vivj)

(
dG(vi)+dG(vj)

)
+2ndG(vivj)+16DG(vivj)+4D′

G(vivj)+8(dG(vi)+dG(vj))+4n
)

+

n∑
i=1

(
16dG(vi)D

′
G(vi)+4dG(vi)DG(vi)+4(n− 1+4m)dG(vi)

)
.

Using the fact that dG(vivj) = dG(vi)+dG(vj)− 2, we obtain

DDe(SD[G]) = 4
(
8DDe(G)+2DDev(G)+4(F (G)+2M2(G)− 2M1(G))

+2n(M1(G)− 2m)+32We(G)+4Wve(G)+8M1(G)+4nm
)
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+16DDve(G)+4DD(G)+8m(n− 1+4m)

= 32DDe(G)+8DDev(G)+16DDve(G)+4DD(G)+16Wve(G)

+128We(G)+16F (G)+32M2(G)+8nM1(G)+8m(n− 1+4m),

from which (6) follows. □

Theorem 3.4. The edge-Gutman index of SD[G] is given by

Gute(SD[G]) =64Gute(G) + 32Gutve(G) + 16Gut(G) + 128DDe(G)

+ 64DDve(G) + 256We(G) + 96F (G) + 32M2(L(G))

+ 192M2(G) + (64m− 200)M1(G) + 32m(m+ 4).

(7)

Proof. Let vivj ∈ E(G). Then

SSD[G](xixj) =
∑

xrxs∈E(SD[G])

dSD[G](xrxs)dSD[G](xixj , xrxs)

+
[
dSD[G](yiyj)dSD[G](xixj , yiyj) +

∑
yiys∈E(SD[G]):

s̸=j

dSD[G](yiys)dSD[G](xixj , yiys)

+
∑

yryj∈E(SD[G]):
r ̸=i

dSD[G](yryj)dSD[G](xixj , yryj) +
∑

yrys∈E(SD[G]):
r,s ̸=i,j

dSD[G](yrys)dSD[G](xixj , yrys)
]

+
[ ∑
xryi∈E(SD[G]):

r ̸=i

dSD[G](xryi)dSD[G](xixj , xryi) +
∑

xryj∈E(SD[G]):
r ̸=j

dSD[G](xryj)dSD[G](xixj , xryj)

+
∑

xrys∈E(SD[G]):
s̸=r,i,j

dSD[G](xrys)dSD[G](xixj , xrys)
]
+

n∑
r=1

dSD[G](xryr)dSD[G](xixj , xryr).

Now by Lemmas 2.4 and 2.5, we get

SSD[G](xixj) =
∑

vrvs∈E(G)

(
2dG(vrvs)+4)

)
dG(vivj , vrvs)

+
[(
2dG(vivj)+4)

)(
dG(vivj , vivj)+2

)
+

∑
vivs∈E(G):

s̸=j

(
2dG(vivs)+4)

)(
dG(vivj , vivs)+1

)
+

∑
vrvj∈E(G):

r ̸=i

(
2dG(vrvj)+4)

)(
dG(vivj , vrvj)+1

)
+

∑
vrvs∈E(G):

r,s ̸=i,j

(
2dG(vrvs)+4)

)
dG(vivj , vrvs)

]

+
[ ∑

vrvi∈E(G)

(
2dG(vrvi)+4)

)(
dG(vivj , vrvi)+1

)
+

∑
vrvj∈E(G)

(
2dG(vrvj)+4)

)(
dG(vivj , vrvj)+1

)
+

∑
vrvs∈E(G):

s ̸=i,j

(
2dG(vrvs)+4)

)
dG(vivj , vrvs)

]
+

n∑
r=1

4dG(vr)
(
dG(vivj , vr)+1

)
=
(
2SG(vivj)+4DG(vivj)

)
+
[
4(dG(vivj)+2)+2SG(vivj)+4DG(vivj)
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+2δG(vivj)+4(dG(vi)−1)+4(dG(vj)−1)
]
+
[
4SG(vivj)+8DG(vivj)

+2δG(vivj)+4dG(vivj)+4(dG(vi)+dG(vj))
]
+4S′

G(vivj)+8m

=8SG(vivj)+4S′
G(vivj)+16DG(vivj)+16

(
dG(vi)+dG(vj)

)
+4δG(vivj)+8m−16.

By symmetry, for each edge vivj ∈ E(G), we have

SSD[G](yiyj) = SSD[G](xiyj) = SSD[G](xjyi) = SSD[G](xixj)

=8SG(vivj)+4S′
G(vivj)+16DG(vivj)+16

(
dG(vi)+dG(vj)

)
+4δG(vivj)+8m−16.

Similarly for 1 ≤ i ≤ n,

SSD[G](xiyi) =
∑

xrxs∈E(SD[G])

dSD[G](xrxs)dSD[G](xiyi, xrxs)

+
∑

yrys∈E(SD[G])

dSD[G](yrys)dSD[G](xiyi, yrys)

+
∑

xrys∈E(SD[G]):
r ̸=s

dSD[G](xrys)dSD[G](xiyi, xrys)

+
∑

xryr∈E(SD[G]):
r ̸=i

dSD[G](xryr)dSD[G](xiyi, xryr).

Now from Lemmas 2.4 and 2.5, we get

SSD[G](xiyi) =
∑

vrvs∈E(G)

(
2dG(vrvs) + 4)

)(
dG(vrvs, vi) + 1

)
+

∑
vrvs∈E(G)

(
2dG(vrvs) + 4)

)(
dG(vrvs, vi) + 1

)
+ 2

∑
vrvs∈E(G)

(
2dG(vrvs) + 4)

)(
dG(vrvs, vi) + 1

)
+

n∑
r=1,
r ̸=i

4dG(vr)
(
dG(vi, vr) + 1

)
=4

(
2S′

G(vi) + 2(M1(G)− 2m) + 4D′
G(vi) + 4m

)
+ 4

(
SG(vi) + 2m− dG(vi)

)
=8S′

G(vi) + 4SG(vi) + 16D′
G(vi)− 4dG(vi) + 8M1(G) + 8m.

By definition of the edge-Gutman index and Lemmas 2.4 and 2.5,

Gute(SD[G])

=
1

2

(
4

∑
xixj∈E(SD[G])

dSD[G](xixj)SSD[G](xixj)+

n∑
i=1

dSD[G](xiyi)SSD[G](xiyi)
)

=2
∑

vivj∈E(G)

(
2dG(vivj)+4

)(
8SG(vivj)+4S′

G(vivj)+16DG(vivj)

+16
(
dG(vi)+dG(vj)

)
+4δG(vivj)+8m−16

)
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+
1

2

n∑
i=1

4dG(vi)
(
8S′

G(vi)+4SG(vi)+16D′
G(vi)−4dG(vi)+8M1(G)+8m

)
=2

∑
vivj∈E(G)

(
16dG(vivj)SG(vivj)+8dG(vivj)S

′
G(vivj)+32dG(vivj)DG(vivj)

+32dG(vivj)
(
dG(vi)+dG(vj)

)
+8dG(vivj)δG(vivj)+2(8m−16)dG(vivj)+32SG(vivj)

+16S′
G(vivj)+64DG(vivj)+64

(
dG(vi)+dG(vj)

)
+16δG(vivj)+4(8m−16)

)
+2

n∑
i=1

(
8dG(vi)S

′
G(vi)+4dG(vi)SG(vi)+16dG(vi)D

′
G(vi)−4dG(vi)

2

+8dG(vi)M1(G)+8mdG(vi)
)
.

Using the identity dG(vivj) = dG(vi) + dG(vj)− 2 and (1), we obtain

Gute(SD[G]) =64Gute(G) + 16Gutve(G) + 64DDe(G) + 64(F (G) + 2M2(G)− 2M1(G))

+ 32M2(L(G)) + 4(8m− 16)(M1(G)− 2m) + 64DDe(G) + 32DDve(G)

+ 256We(G) + 128M1(G)) + 32(F (G) + 2M2(G)− 4M1(G) + 4m)

+ 8m(8m− 16) + 16Gutve(G) + 16Gut(G) + 32DDve(G)− 8M1(G)

+ 32mM1(G) + 32m2

=64Gute(G) + 32Gutve(G) + 16Gut(G) + 128DDe(G) + 64DDve(G)

+ 256We(G) + 96F (G) + 32M2(L(G)) + 192M2(G)

+ (64m− 200)M1(G) + 32m(m+ 4),

from which (7) follows. □

4. Concluding remarks

In this paper we have presented some formulas for the distance between edges in strong
double graphs. Our findings have been applied in computing exact values for a number
of edge-distance- related topological indices namely the edge-Wiener index, the edge-
hyper-Wiener index, the edge- degree distance and the edge-Gutman index of this
family of graph transformations. The obtained results show the connection between
the above invariants of the strong double graph and the corresponding invariants of
its parent graph. Vertex-degree-based topological indices of the strong double graphs
have been well studied in the literature. However, topological indices from other
categories, such as distance-based, transmission-based, eccentricity-based, spectrum-
based, and eigenvalue-based, have not been sufficiently investigated and it is useful
to consider them in future research. In addition, various other families of graph
transformations such as line graphs, subdivision graphs, total graphs, semi-total point
graphs, semi-total line graphs, double graphs, and Mycielski graphs are proposed to
be studied under different categories of topological indices.
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