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Abstract. In this paper, we consider all the non-metabelian groups of order 162 and
characterize the structure of the unit group of the corresponding group algebras. Overall,
there are 55 non-isomorphic groups having order 162 and 11 among them are non-metabelian.
We study the unit group of the semisimple group algebras over any finite field whose char-
acteristic does not divide the order of these eleven groups.

1. Introduction

The group algebra, denoted by KG over the field K with p* elements for a prime
number p and k € Z™, is the linear combination of elements from G with coefficients
from K, where G is a finite group. From Maschke’s theorem [12] it follows that the
group algebra KG is semisimple if char(K) { n. Consequently, KG is isomorphic to
the direct sum of matrix algebras over division rings according to the Wedderburn
decomposition theorem [12], i.e, KG = M(ny,D1) @ ---® M(ny, D), n;,l € ZT. The
structure of the unit group of KG can be derived directly from the above isomorphism.
Recall that the unit group consists of all invertible elements in KG and is denoted by
U(KG). For some of the notable recent research on the structure of the unit group,
see [13,15,20]. Research in this direction is important because of the applications of
units in number theory [8], coding theory [9], etc.

With respect to the study of the unit group of all group algebras, the groups
can be categorized into two divisions: metabelian and non-metabelian. The first
case has been studied in detail by Bakshi et al. in [4]. Therefore, we only need to
deal with the non-metabelian groups. Pazderski [17] identified the possible orders of
non-metabelian groups. With the help of [17] one can easily find that the smallest
non-metabelian group has order 24, and the unit groups of the corresponding group
algebras are studied by Khan et al. [10] and Maheshwari et al. [11]. In the same
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80 Units of the semisimple group algebras of groups of order 162

direction, Mittal et al. and Arvind et al. classified the unit group of group algebras of
non-metabelian groups up to order 120 in [3,13,16,18]. Recently, Abhilash et al. [1,2]
and Mittal et al. [14] have completed the work for all groups up to order 144.

Using [17] it can be identified that there are non-metabelian groups of order
162. The number of non-isomorphic groups of order 162 is 55, of which 11 are non-
metabelian (see Section 3). The aim of this paper is to consider these 11 groups and
compute the unit groups of their group algebras using the Wedderburn decomposition
(see [12]).

The flow of this paper is as follows. The important definitions, results and the 11
non-metabelian groups studied in this paper are introduced in Section 2 and Section 3,
respectively. In addition, results on the unit groups of semisimple group algebras
are proved in Section 3. The fourth section concludes the paper. Finally, in the
appendix, we present the semi-direct products involved in the construction of various
non-isomorphic groups that play a role in our work.

2. Preliminaries

This section contains the prerequisite definitions and results required to prove the
main results. The following notations hold throughout this paper.

K finite field of order ¢ = p* with characteristic p and k > 1

Ky extension field of K with degree of extension d,d € N

g finite group of order n with p{n

e exponent of the group G

w primitive e-th root of unity over K

G Galois group of K(w) over K

Tg,x  collection of all s such that o(w) = w®, where 0 € G

C, conjugacy class of z
[z,y] denote the commutator 2=y~ tay of 2,y € G
1 identity element of G

DEFINITION 2.1 ([6]). (i) For any prime p, an element = € G is said to be p’-element
if order of z is not divisible by p.

(ii) For any p’-element x € G, the cyclotomic K-class of v, = > hec, I is the set
Sk(Ve) = {Vas | s € Tg,x}

The proposition given below discusses about the total count of cyclotomic K-
classes, whereas Lemma 2.3 discusses the number of elements in a particular cyclo-
tomic K-class.

PROPOSITION 2.2 ([6]). The set of simple components of KG/J(KG) and the set of
cyclotomic K-classes in G, where J(KG) is the Jacobson radical of KG, are in 1-1
correspondence.
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LeMMA 2.3 ([6]). Let I be the number of cyclotomic K -classes in G. If KD, K2
KW are the simple components of Z(KQ/J(KQ)) and S1,8,...,5; are the cyclo-
tomic K-classes of G, then |S;| = [K® : K| with a suitable ordering of the indices,
assuming that G is cyclic.

In order to uniquely characterize the Wedderburn decompositions of the semisim-
ple group algebras, we need the following result. See [12, Chapter 3] for its proof.

LEMMA 2.4. (i) Let KG be a semisimple group algebra and let N < G. Then KG =
K (G/N)® A(G,N), where A(G,N) is an ideal of KG generated by the set {n —1:
neN}.

(i) If N =G’ in part (i), then K (G/G') is the sum of all commutative simple com-
ponents of KG and A(G,G’) is the sum of all others.

Furthermore, we discuss a necessary condition for the dimension of the matrix
algebra in the Wedderburn decomposition (see [5]).

LEMMA 2.5. If ®!_ M, (K;) is the summand of the semisimple group algebra KG
and p is the characteristic of K, where K; is a finite field extension of K for each i.
Then p does not divide any of the n;.

Next, we discuss two very important results which help us to find the unique
Wedderburn decomposition. For the proof of Lemma 2.6 we refer to [19].

LEMMA 2.6. Let py and pa be two primes. Let Fy, be a field with ¢ = plfl elements
and let Fq, be a field with ¢o = pSQ elements, where ki,ko > 1. Let both the group
algebras Fo, G, F,G be semisimple. Suppose that Fy, G = @®t_, M(n;,Fy,), n; > 1 and
M (n, Fqg) is a Wedderburn component of the group algebra IFy,G for some r > 2 and
any positive integer n, i.e. Fg,G = EBf;llM(mi, Fg, . )®M(n,Fg;), m; > 1. Here, Fy,
is a field extension of Fq,. Then M (n,F,, ) must be a Wedderburn component of the
group algebra Fo, G and it appears at least v times in the Wedderburn decomposition

of Fg,G.

LEMMA 2.7 ([3, Corollary 3.8]). Let KG be a finite semisimple group algebra. Then
if there exists an irreducible representation of degree n over K, then one of the Wed-
derburn components of KG is M, (K). Moreover, if there exist k irreducible repre-
sentations of degree n over K, then M, (K)* is a summand of the group algebra KG.

If G has j conjugacy classes, then the representatives of the conjugacy classes
are denoted by ¢1(= 1),92,93,...,¢9; in this paper. Furthermore, let K = F, and
K; =Fg for i > 2.

3. Unit groups

In this section, we discuss the structure of the unit group of the group algebras of
non-metabelian groups of order 162. We recall that a group is non-metabelian if its
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derived subgroup is non-abelian. There are 55 non-isomorphic groups of order 162
(this is known via GAP software [7]) and out of these 55, the following eleven are
non-metabelian:

1. 9122((03 X 03 X 03) D! 03) X Cg
= Cg X 03) X 03) X CQ
Cg X C3) X 03) X Cg

(( 7. g722((09 X 03) X 03) X Cg
((
((Co x C3) x C3) x Co
((
((

8. Gs:=(C5 - ((C3 x C3) x C3)) x Co

9. Gg:=C3 x (((C3 x C3) x C3) x Cy)
10. G10:=((Cy x C3) x C3) x Cs

11. G11:=(C3 x ((C3 x C3) x C3)) x Cy

C3XC3XC3)>403)>QCQ

2. Gy
3. Gs:
4. Gy:
5. Gs:
6. Go:=((Cy x C3) x C3) x Cy

Despite having similar structures, the groups G; and G5 are not isomorphic to each
other due to the different group actions involved in their semi-direct product. This
can be seen as follows. The structure of both the groups G; and G5 involve an action
of Cy on the group G := (C3 x C3 x C3) x C5. The presentation of G is

<f17f23f37f4 | f%v [f27f1]f;13 [f37f1]f471, [f4afl]af237 [f37f2]7 [f47f2]7f§)> [f4,f3]7f2>~

The group actions corresponding to G; and Gs are given below: (let Aut(G) denote
the automorphism group of a group G)

e We consider o7 € Aut((Cs x C3 x C3) x C3) which maps fi, fa, f3, f1 to fif7,
fafs, f2, fa, respectively. Also, we can note that o; is an element of order 2 in
Aut((C35 x O3 x C3) xC3). Therefore, the group action Cy — Aut((C5 x C3 x C3) x Cj3)
generates Gy via 0.

e We consider o5 € Aut((C3 x C3 X 03) X Cg) f1,f2,f3,f4 to f12f3f4,f22f§,f3,f42,
respectively. Also, oz is an element of order 2 in Aut((C5 x C5 x C3) x C3). The
group action Cy — Aut((C3 x C5 x C3) x C3) generates G5 via 0.

Similarly, we can see that the groups Gs,G3, G4, Gs, G7, G10 are not isomorphic to
each other due to the different group actions involved in their semi-direct product
(please see appendix for more details). Therefore, all the eleven groups mentioned
above are non-isomorphic.

3.1 gl = ((Cg X Cg X Cg) X Cg) X CQ

The group G; has the following presentation:

G1 = (v1, %2, T3, 24, T5 | 1‘%,[.132,.’131], [x3,x1]x§1, [x4,a:1]a:5_1x21, [x5,x1],x§, [a:g,xg]le,
(x4, 2], [5, T2], 3, [24, w3)25 ", [25, T3], 3, [25, T4], 23).

The sizes (S), orders (O) and the representatives (R) of the 22 conjugacy classes of

G, are:

R 1 xI1 xTo I3 T4 Is5 1T T1T4 T1Ts5 l‘% ToX3 X224 .’ﬂg
S|1]9 3 | 18] 6 1 9 9 9 3 18 3 1
O|1]| 2 3 3 13| 3 6 6 6 3
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xlxg T1T2T3 L1T2T4 I%Z‘g $%I’5 ToX4Ts 39113%333 zll’gfﬂg, SC%I%
3
3

9 9 9 18
6 6 6 9 3 3 6 6

w
w
Ne)
NeJ

It is clear that the exponent of G; is 18.

THEOREM 3.1. The unit group of the group algebra KGy is as follows:
1. For ¢ ={1,7,13} mod 18, U(KG;) = K*® & GL»(K)* ® GL3(K)'? & GLe(K).

2. For ¢ = {5,11,17} mod 18, U(KGy) = K*? & Ky*> ® GLy(K) & GLy(Ks) &
GL3(K3)® ® GLe(K).

Proof. The group algebra KG; is Artinian and semisimple. We observe that the
commutator subgroup G| = (C3 x C3) x C5 and % = (. Since ¢ = p* and p > 3,
we split the proof in the following 2 cases.

Case 1. ¢ ={1,7,13} mod 18. In this case, Tg x = {1,7,13}. So, for any g € G;, we
have Sk (vg) = {Vgt | t € Tg,xk} = Sk (7g) = {7Vg, Vg7, Vg2 }- Further, we note that G,
contains elements of orders 1,2, 3,6,9. For any element g € G; of order 2 or 3 or 6, we
note that g7 = g'3 = g. This means that for such elements, we have Sk (v,) = {7,}-
Furthermore, if g is any element of G; of order 9, then it can be verified that g7 and
g"3 belong to the conjugacy class of g. Consequently, Sk (v,) = {7,} for any g € Gy of
order 9. Therefore, we conclude that the cardinality of every cyclotomic K-class is 1.
So, the decomposition of the group algebra by using Proposition 2.2 and Lemma 2.3
is KGi 2 K @21, M,,,(K),n; > 1. By applying Lemma 2.4 (ii), we further deduce
that KG; = K% @8, M, (K), n; > 2. Since the dimensions of both the sides are
same, we end up with 156 = Zzﬁl n2. This equation has 13 different solutions. By
incorporating Lemma 2.5, we conclude that p can not be 5 and 7. This means that
we are remaining with 6 choices of n;’s given as follows:

(2',6,8),(2',3%,9), (2',3%,4,8), (2, 4°,6), (2°, 3%, 4%), (2°, 3%, 6).

Here, the notation a’ means the b-tuple (a,a,--- ,b-times). We observe that the

subgroup N := (z5) is normal in G; and F = G; /N = (C5 x C3) x Cg. Using [4], we
note that the Wedderburn decomposition of K F for this case is KF = K@ My (K)*®
Mg(K). Due to Lemma 2.4 (i), we are remaining with (214, 6, 8), (21°,45,6), (23, 312,6)
choices of n;’s. Next, we define the group homomorphism f : G — GL3(F7), where
F7 is a finite field having 7 elements, as follows:

01 0 1 0 0 0 0 1 1 0 0
zi—|1 0 0 , T > 01 0 , T3 > 1 0 0 , Tg > 0 2 0 , T5 '—>2]3,
0 0 1 0 0 4 0 1 0 0 0 4

where I3 is 3 X 3 identity matrix. One can verify that f is an irreducible representation
of Gy of degree 3. Therefore, Lemma 2.7 implies that M3(F7) must be a summand of
F7G:. This confirms that (22,32, 6) is the final choice of the values of n;’s. Therefore,
we have KG; = K% @ My(K)3 @ M3(K)'? & Ms(K).

Case 2. ¢ = {5,11,17} mod 18. In this case, the cyclotomic K-classes corresponding
to g3, g6, g7 and gg, respectively, include g19, 913, g14 and gg. Further, the cyclotomic
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K-classes corresponding to ¢11, 912, 915,916 and gig, respectively, include gi7, goo,
g20, g21 and g9, while the rest of the g;’s form individual classes. Therefore, per
Proposition 2.2, Lemma 2.3 and Lemma 2.4 (ii), the decomposition for this scenario
is given by KGy & K?o K22 @12:1 M,, (K) @?:3 M,, (Kg), n; > 1 which means 156 =
n?+n3+2 2?23 n?. Also, [4] implies that KF =~ K2 K36 Mo (K )& M (K2)® Mg(K).
Thus, Lemma 2.4 (i) derives that KG; & K2 ® K3 @ Ma(K) ® Mg(K) ® Ma(Ka) @Y,
M, (Ks) and 54 = Z?Zl n?, where n; > 2. By using the simple substitution, we

observe that the only possible choice of n;’s fulfilling above is (3). O

i

3.2 Gy := ((Cy x C3) x C3) x Cy
The group G- has the following presentation:
Go = (1, T0, 23,24, 5 | 23, [12, 71], [(L‘3,JI1]$517 [:c4,x1]x572a311, [x5, ml],mgxgl,
(23, 2a)xy L, [24, 2], (X5, Ta), 25, [14, 23] w5 2, [X5, 23], 25, [25, T4], 3).

The sizes, orders and the representatives of the 22 conjugacy classes of Gy are given
below:

R 1 T ) I3 Ty Is T1X9 T1X4 l‘% o3 T4 ToTs5 .Tg
S|1|9 3 |18 | 6 1 9 9 3 18 3 3 1
O|1] 2 9 3 3 3 18 6 9 9 9 9
mlx% T1X2T3 T1X2T4 1‘1.132 335333 .13%])5 3311‘%.233 l‘%.ﬁg .2?133‘%1‘3.135
9 9 9 9 18 3 9 3 9
18 18 18 6 9 9 18 9 18

It is clear that the exponent of Gy is 18.

THEOREM 3.2. The unit group of the group algebra KGs is given below:
1. For q={1} mod 18, U(KGy) = K*° @& GLy(K)? ® GL3(K)"? ® GLg¢(K).

2. FO’I’q = {5, 11} mod 18, u(Kgg) = K*Q@K2*2@GL2(K)@GL2(K2)@GL3(K6)2@
GLg(K).

3. For q = {7,13} mod 18, U(KG,) = K*% & GLy(K)® ® GL3(K3)* & GLg(K).

4. Forq= {17} mod 18, U(KGs) = K*2® Ky** ® GLy(K) @ GLy(K2) ® GL3(K2)® @
GLs(K).

Proof. The group algebra KGs is Artinian and semisimple. We observe that the
commutator subgroup G5 = (C5 x C3) x C3 and g—z =~ (. Since ¢ = p* and p > 3,
we split the proof in the following 4 cases.

Case 1. ¢ = {1} mod 18. In this case, the cardinality of every cyclotomic K-class
is 1. We proceed exactly on the similar lines of Case 1. of previous theorem to
note that (2'4,6,8),(2'0,4%,6), (23,312 6) are the only possible choices of n;’s (this
group also has a normal subgroup generated by x5 with factor group isomorphic to
(C5 x C3) xCg). To this end, we define the group homomorphism f : Go — GL3(F19)
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as follows:
01 0 6 0 0 0 0 1 1 0 O

z1—|1 0 0}, 200 6 0], z3—|1 0 O},z4—|0 11 0O, x5 —T7I;3.
0 0 1 0 0 4 0 1 0 0 0 7

The group homomorphism f is an irreducible representation of G of degree 3. There-
fore, Lemma 2.7 implies that M3(F19) must be a summand of F19Gs. This confirms
that (23,3'2,6) is the only possible choice of the values of n;’s. Therefore, we have
KGy = K& My(K)? & M3(K)'2 & Mg(K).

Case 2. ¢ = {5,11} mod 18. In this case, the cyclotomic K-class corresponding to g3
includes g9, 911, 912, 919, 921 and g7 includes g14, 915, 916, 920, go2. Similarly, gg includes
913, gs includes g17 and g1¢ includes g5, while rest of the g;’s form individual classes.
Therefore, per Proposition 2.2, Lemma 2.3 and Lemma 2.4 (ii), the decomposition is
KGy = K2®K3@2, M, (K)® M,,(Ky) ®>_, M, (Kg) and 156 = 37, n? +2-n3 +
62?2 4 N7, where n; > 1. The possible choices of n;’s fulfilling above equation are
(2,6,2,3,3),(3,3,3,2,4),(3,7,5,2,2),(3,9,3,2,2), (6,8,2,2,2). We observe that the
subgroup N := (z5) is normal in Gy and F = Gy/N = (C3 x C5) x Cg. Using [4],
we recall that KF = K2 @ K2 @ My(K) © Mo(Ks) @ Mg(K). Therefore, Mo(K)
and Mg(K) must be the Wedderburn components of KG, per Lemma 2.4 (i). So,
(2,6,2,3,3) is the required choice, which means that KGo = K2 ® K2 & My(K) @
My (K3) & Ms(Ke)? & Mg(K).

Case 3. ¢ = {7,13} mod 18. In this case, the cyclotomic K-class corresponding
to g3 includes g11,g12 and that of g9 includes g9, g21. Similarly, the cyclotomic K-
class corresponding to g7 includes g¢15, 916 and that of g14 includes goq, g22. The rest
of the g¢;’s form individual classes. Therefore, per Proposition 2.2, Lemma 2.3 and
Lemma 2.4 (ii), the decomposition for this scenario is given by KG» = K® @},
M, (K) ®%_5 My, (K3), n; > 1 with 156 = 37 n? + 33°__ n?. Again, using [4],
we note that KF = Kb @ My(K)3? ® Mg(K). This and Lemma 2.4 (i) imply that
KGy =2 K& My(K)3 & M3 (K3)* & Mg(K).

Case 4. ¢ = {17} mod 18. In this case, the cyclotomic K-class corresponding to
gs includes go1 and gg includes g13. Similarly, g7 incudes goo and gg includes gi7.
Also, the cyclotomic K-class corresponding to g1; includes gg and g1¢ includes gis.
Moreover, gi5 includes g14 and gi6 includes gog. Similarly, gi2 includes g19, while the
rest of the g;’s form individual classes. Therefore, per Proposition 2.2, Lemma 2.3
and (Lemma 2.4 (ii), the decomposition for this case is given by KGy = K?® K2 ®?_,
M,,(K) ®_3 M,,(Ks), n; > 1= 156 = n} +n3 + Z?:?, 2 -n2. The possible choices
of n;’s fulfilling above are given below:

(2%,22,3%,4%),(2,2%,3%,5),(2,6,2,3%), (3%,2%,3,4%), (3%,2%,3%,5),(3,5,2°,4,5),
(3,7,2°,5),(3,9,2°,3), (4%,2°, 3%, 4%), (4,6,2°,4%)(4,8,2°,3%), (5%, 22,3%), (6, 8,2").
We observe that the subgroup N := (z5) is normal in Gy and F = G3/N = (C3 x
C3) x Cg. Due to case 2 of Theorem 3.1, we know that KF =~ K? @ K3 ® Ma(K) @
M5 (K3) ® Mg(K). Therefore, My (K) and Mg(K) must be a Wedderburn component
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of KGsy. So, (2,6,2,3%) is the required choice, which means that KG, = K? ®© K2 &
My(K) & My(Ks) & M3(K2)® & Mg(K). O

3.3 gg = ((Cg X Cg) X Cg) x Cy

The group Gz has the following presentation:

Gs = (1,72, 23,24, 75 | 23, [v2, 21], [v3, 21)23 ", [24, 21)w5 2y, (25, 2], w325

[I37 xQ]xllv [x47 932], [1‘5, IQ]? lg) [.CE4, 563]935_17 [.CE5, 563], xiv [ZE5, 'T4L l‘g>
The sizes, orders and the representatives of the 22 conjugacy classes of G3 are given
below:

R 1 T X9 I3 Ty Is T1X9 T1X4 I1x5 .Z'% T3 T4 .’E?)
S|1]9 3 | 18| 6 1 9 9 9 3 18 3 1
O|1] 2 9 3 3 3 18 6 6 9 3 9 3
1‘133% T1X2T3 T1X2T4 x%xg 33%31‘5 XLoX4Ts $1$%$3 $1l‘§$5 .’L‘%l‘i
9 9 9 18 3 3 9 9 3
18 18 18 3 9 9 18 18 9

It is clear that the exponent of G3 is 18.

THEOREM 3.3. The unit group of the group algebra KGs is given below:
1. For q={1} mod 18, U(KG3) = K*° @ GLy(K)? ® GL3(K)"? ® GLg¢(K).

2. FOT‘q = {5, 11} mod 18, U(Kgg) = K*2@Kg*zEBGLQ(K)@GLQ(KQ)EBGL3(K6)2@
GLs(K).
3. For q={7,13} mod 18, U(KG3) = K*° ® GLy(K)® ® GL3(K3)* ® GLg(K).

4. Forq= {17} mod 18, U(KG3) = K*2® K»** ® GLy(K) @ GLy(K3) ® GL3 (K1) &
GLg(K).

Proof. The group algebra KGs is Artinian and semisimple. We observe that the
commutator subgroup G4 = (C5 x C3) x C3 and g—z =~ (.

Case 1. ¢ = {1} mod 18. In this case, the cardinality of every cyclotomic K-class
is 1. Therefore, by proceeding on the similar lines of Case 1. of Theorem 3.2 and
considering the group homomorphism from Gs to GL3(F19) as

01 0 9 0 O 0 0 1 1 0 O
zi—=|1 0 0 , T > 09 0}, 23—[1 0 0], z4—1{0 7 0 , T ’—)7_[37
0 0 1 0 0 4 0 10 0 0 11
we can conclude that KG3 = K% @ My(K)? & M3(K)'? @ Mg(K). The rest of the
proof can be done in similar ways of Theorem 3.2. O

3.4 Q4 = ((Cg X Cg) X 03) X 02
The group G4 has the following presentation:

g4 = <1’1,$2,$3,$4,.’I;5 | x%a [(EQ,.’IJl].’IJIl(E;l, [{173, x1]$§17 [$47 w1]$217 [$5, xl]»x3x227
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[Ig, 'TQ]IE}_17 [I4, xZ]a [I57 IQ]? $§7 [‘T47 .Tg], [I57 I’g], .’Ei, [1:53 IE4], $§>
The sizes, orders and the representatives of the 21 conjugacy classes of G4 are given
below:

R 1 X1 i) T3 Tq Is 1T 2 ToX3 T34 TyTs 33%
S|1|27] 6 6 2 1 27 6 6 2 1
o1 9 3 3 6 9 3 3 3

)
6
2 9
.7311‘% 33%563 1‘2213% ToX3T4 .7321‘2 33%1‘4 1‘4213% 562.1133332 .1‘31‘333421
6 6
9 3

27
6

It is clear that the exponent of G, is 18.

THEOREM 3.4. The unit group of the group algebra KG4 is given below:
1. For g = {1} mod 18, U(KGy) = K**> © GLy(K)" & GL3(K)* ® GLs(K)?.

2. For q = {5,11} mod 18, U(KG,) = K** ® GLy(K)* ® GLy(K3) ® GL3(K2)? @
GLg(K>).

3. For q = {7,13} mod 18, U(KGs) = K**> ® GLy(K)* ® GLo(K3) ® GL3(K)* @
GLg(K)2.

4. For ¢ = {17} mod 18, U(KG4) = K**> & GLy(K)" @ GL3(K3)? ® GLs(K>).

Proof. The group algebra KG, is Artinian and semisimple. We observe that the
commutator subgroup Gj = (Cy x C3) x C3 and g—z = (.

Case 1. ¢ = {1} mod 18. In this case, the cardinality of every cyclotomic K-class
is 1. Therefore, the decomposition of the group algebra is KG, = K2 &2, M, (K;),
where 160 = 2321 n?, n; > 1. We consider the normal subgroup N; = (z5) of G4
with G4/N1 = (Cy x C3) x Cy. Using [4], we see that K(Gy/N1) = K2 @ My(K)'.
This and Lemma 2.4 (i) imply that KG, = K2 ® My (K)*® @%_; M, (K) with 108 =
Z?Zl n?, n; > 1. Next, we consider the normal subgroup Ny := (z4) of G4. The
corresponding factor group G4/Na = ((C3 x C3) x C3) x Ca.  Again, by [4], we
know that K(G4/No) = K? @ Mo(K)* ® M3(K)*. This and Lemma 2.4 (i) give
KGy = K2 @ My(K)® ® My(K)* @2, M, (K), with 72 = 37 n2, n; > 1. The last
equation has a unique solution given by (62).

Case 2. ¢ = {5,11} mod 18. In this case, the cyclotomic K-class of g3 includes
gs, 917, whereas gg includes g6, gog and g14 includes gi5,g21. Similarly, g7, g13 come
under same class, gg, g12 come under same class and gi11, g19 come under same class.
The rest of the g;’s form individual classes. The decomposition for this scenario is
given by KGy = K2®%_ | M, (K)®1_s My, (K3) ®% M, (K3) with 160 = Y.+, n?+
221.7:5 n? + 3228 n? where n; > 1. Using [4], we know that K(G4/N1) = K? &
Ms(K)* @ My(K3)3. This and Lemma 2.4 (i) derive that KG, = K2 & My (K)* @3,
M, (K2) ® My(K3)?, which means 54 = Zle n?. The last equation has two solutions
namely (2, 5%) and (32, 6). Using Lemma 2.6, if M5(K>) is the Wedderburn component
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in this case, then Ms(K) must be a Wedderburn component in case 1 which is not
so. Hence, (2%,32,6,2%) is the unique choice.

Case 3. ¢ = {7,13} mod 18. In this case, the cyclotomic K-class of g3 includes
gs, g17, whereas gg includes gi6, g20 and g14 includes gi5, g21. Other representatives
forms individual classes. The group algebra KG, decomposes as follows: KGg =
K? ®}2) My, (K) ®i21; My, (K3) with 160 = 221 ng + 32211 ni, n; > 1. By
following the procedure as in the previous case (i.e., by considering the same normal
subgroup N; and using the Wedderburn decomposition of K(G4/Np) for this case),

we can ShOW that Kg4 = K2 &b MQ(K)4 &b MQ(K3)3 &b M3(K)4 &b M@(K)2

Case 4. ¢ = {17} mod 18. By following the procedure as in previous cases, one can
show the result in this case. This completes the proof. O

3.5 G5 := ((C5 x C5 x C3) x C3) x Cy
The group G5 has the following presentation:
Gs = (w1, 30, 23,24, 75 | 27, [0, 21]25 L, (w3, 21]25 L, (24, 21]25 2, [25, 2125, 03,
(23, 2alzy !, [24, w225t (5, 2], 3, [24, 23], [X5, 23], 25, [25, 24], 3).

The sizes, orders and the representatives of the 13 conjugacy classes of G5 are given
below:

R 1 1 xTo I3 T4 Is5 T1T4 Tol3 I3Ts Ty 331503 IIZ%Z:; x%le
S|1]27]18] 6 3 2 27 18 6 3 27 18 6
O|1]| 2 313 |3 ]| 3 6 9 3 3 6 9 3

It is clear that the exponent of Gs is 18.

THEOREM 3.5. The unit group of the group algebra KGs is given below:
1. For q={1,7,13} mod 18, U(KGs) = K** ® GLy(K)* ® GL3(K)* ® GLs(K)?.

2. For q = {5,11,17} mod 18, U(KG5) = K** & GLo(K)* & GL3(K>) ® GLe(K)>.

Proof. The group algebra KGs is Artinian and semisimple. We observe that the
commutator subgroup G = (C3 x C5 x C3) x C3 and g—z = (. Since ¢ = pF and
p > 3, we split the proof in the following 2 cases.

Case 1. ¢ = {1,7,13} mod 18. In this case, the cardinality of every cyclotomic K-
class is 1. Therefore, the decomposition of the group algebra by using Proposition 2.2
and Lemma 2.3 is KGs = K @12, M,,(K),n; > 1. By applying Lemma 2.4 (ii), we

further deduce that KGs = K? @1, M, (K), n; > 2. Since the dimensions of both

the sides are same, we end up with 160 = leil n?. We observe that the subgroup

N; := (x5) is normal in G5 and F} = G5/N1 = ((C5 x C3) x C3) x Cy. Using [4], we
note that K(Gy/Ny) = K?@® My(K)*® M3(K)*. This and Lemma 2.4 (i) deduce that
KGs = K2 ® My(K)* @ M3(K)* @2, M, (K) with 2%, n? = 108. The last equation
has two solutions given by (22,10) and (63). Also, by incorporating Lemma 2.5, we
conclude M1o(K) can not be a Wedderburn component as p can be 5. This means
that (24,3%,6%) is the only possible choice of the values of n;’s.
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Case 2. ¢ = {5,11,17} mod 18. In this case, the cyclotomic K-class corresponding
to g5 includes g1¢ and g7 includes g;1, while the rest of the g;’s form individual classes.
Therefore, per Proposition 2.2, Lemma 2.3 and Lemma 2.4 (ii), the decomposition in
this case is KGs 2 K2 ®!_; M,,,(K) ®_g M,,,(Ks), n; > 1, where 160 = 23:1 n? +

225;8 n?. Using [4], we recall that KF} & K2 & My(K)* @ M3(K)?. From this
and Lemma 2.4 (i), for KG, (25,10,32) and (2%,62,32) are the only choices. Also,
by Lemma 2.5, M;5(K) can not be a Wedderburn component as p can be 5. So,
(24,63, 32) is the unique value of n;’s. O

3.6 g(; = ((Cg X 03) X Cg) Dl CQ

The group Gg has the following presentation:
2 -1 -2 —1 —2 -1 .3
Go = (v1, 72,03, 74,5 | 7, [v2, v1]wy ", [23, T1]25 “25 ", [X4, T1]5 7, [205, T1] 205, 25,

[.’1737 mQ]:EZl; [.’I}4, $2]$517 [.'1,'5, x2]7 xgxgla [$4a 1‘3], [xf)a :L'?)]a xia [.'1/'5, I‘4]7 $g>
By constructing the table of conjugacy classes as in the case of previous groups, we
can note that the exponent of Gg is 18 and it has 13 conjugacy classes.

THEOREM 3.6. The unit group of the group algebra KGg is given below:
1. For = {1} mod 18, U(KGs) = K** ® GL2(K)* ® GL3(K)* @ GLs(K)>.

2. For q={5,11} mod 18, U(KGs) = K** ® GLo(K)* ® GL3(K2)?> ® GLg(K3).
3. For q = {7,13} mod 18, U(KGg) = K*? & GLa(K)* ® GL3(K)* © GLs(K3).
4. For ¢ = {17} mod 18, U(KGs) = K** & GLy(K)* ® GL3(K>)? ® GLs(K)®.

Proof. We note that the decompositions can be calculated using the same procedure
as in Theorems 3.5 and 3.4. Therefore, we skip the proof. O

3.7 g7 = ((Cg X Cg) X Cg) X CQ

The group G7 has the following presentation:
2 -1 -1 -1 .3
g? - <x1,x2,x3,x4,x5 I .’1/'17[552,.’171].’152 ,[$3,$1]$3 ,[.’L’4,$1],[.’I}5,l‘1]$5 s Loy

[.’1737 xQ]:EZl; [.’I}4, $2]$517 [.'1,'5, x2]7 .’17%7 [1‘4, $3]x527 [xf)a :L'?)]a xia [.'1/'5, $4]7 $g>
We can note that the exponent of G7 is 18 and it has 13 conjugacy classes. The proof
of the following theorem follows similarly as that of Theorem 3.6.

THEOREM 3.7. The unit group of the group algebra KG7 is given below:
1. For = {1} mod 18, U(KG;) = K** ® GLy(K)* ® GL3(K)* @ GLs(K)>.

2. For q={5,11} mod 18, U(KG7) = K** ® GLy(K)* ® GL3(K2)?> ® GLg(K3).
3. For q = {7,13} mod 18, U(KG7) = K** & GLa(K)* ® GL3(K)* © GLs(K3).
4. For ¢ = {17} mod 18, U(KG;) = K** ® GLy(K)* ® GL3(K>)? ® GLs(K)®.
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3.8 QS = (Cg . ((03 X 03) X 03)) x Cy
The group Gg has the following presentation:
gS = <.’E1,.’I,'27.'173,CE4, Ts | SL'%, [$2a ml}xglxgla [x37x1]$51x§17 [$47$1]$52, [1'57.’171].')351,

x%‘rg27 [373, CEQ](Ell, [.’)34, $2]$g17 [xf)u m2]7 $§$527 [1’4, 1'3], [.’11'57 .’173], xia [xf)a 1’4}, $g>
By constructing the table of conjugacy classes as in the case of previous groups, we
can note that the exponent of Gg is 18 and it has 13 conjugacy classes.

THEOREM 3.8. The unit group of the group algebra KGg is given below:
1. For ¢ = {1} mod 18, U(KGs) = K** © GLy(K)* ® GL3(K)* ® GLe(K)®.

2. For q={5,11} mod 18, U(KGg) = K** ® GLy(K)* ® GL3(K3)?> ® GLs(K3).
3. For q={7,13} mod 18, U(KGg) = K** ® GLo(K)* ® GL3(K)* @ GLs(K3).
4. For ¢ = {17} mod 18, U(KGs) = K** @ GLy(K)* ® GL3(K>)? ® GLs(K)®.

Proof. The proof is similar to that in Theorems 3.5 and 3.4. We therefore omit it. [

3.9 gg = 03 X (((03 X 03) X 03) D! Cg)

One can note that the exponent of the group (C5 x C3) x C5) x Cs is 6. This means
that the exponent of Gg is 6.

THEOREM 3.9. The unit group of the group algebra KGgy is given below:
1. For q={1} mod 6, U(KGy) = K*® ® GLy(K)"? @ GL3(K)".

2. For q= {5} mod 6, U(KGy) = K** ® K3* ® GLy(K)* ® GLy(K2)* ® GL3(K>)C.
Proof. Since Gy is a direct product of two groups, its decomposition can be deduced
using decompsition of the groups (C3 x C3) x C3) x Cy and C3 through tensor product
as in [13]. O
3.10 Gig:= ((Cy x C3) x C3) x Cs
The group Gi1g has the following presentation:

Gro = (w1, 02, w3, 4, @5 | 27, [22, 21, [, 21]25 ", [wa, ]2y ' [ws, ], st [ws, ma],

[:I;47 1'2], [$5a CEQL x%? [1'4, x3]x517 [1'57 .’IJ3], xia [$57 m4]7 l’g)
By constructing the table of conjugacy classes as in the case of previous groups, we
can note that the exponent of Gig is 18 and it has 30 conjugacy classes.

THEOREM 3.10. The unit group of the group algebra KGyg is given below:
1. For q={1} mod 18, U(KGyo) = K*5 @ GLy(K)'? ® GL3(K)'2.

2. Forq= {511} mod 18, U(KGo) = K**OK3?®G Ly(K)*®G Ly (K2 *®G L3 (K)?.
3. For q = {7,13} mod 18, U(KG1o) = K*® @ GLy(K)'? @ GLs(K3)*.
4. Forq= {17} mod 18, U(KGyo) = K**®K3*® G Ly(K)*®GLy(K2)* ® GL3(K>)S.
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Proof. The group algebra KGpy is Artinian and semisimple. We observe that the
commutator subgroup Gj, = (C5 x C3) x C3 and g—iz = (.
Case 1. ¢ = {1} mod 18. In this case, the cardinality of every cyclotomic K-class
is 1. Therefore, the decomposition of the group algebra by using Proposition 2.2 and
Lemma 2.3 is KGg & K &22, M,,,(K),n; > 1. By applying Lemma 2.4 (ii), we further
deduce that KGg = K% @?4, M,,,(K), n; > 2. Since the dimensions of both the sides
are same, we end up with 156 = Zfil n?. This equation has 5 different solutions
given as (223,8), (229,33, 7), (219,45), (218, 33,42 5), (212, 312).

By incorporating Lemma 2.5, we conclude that p can not be 5 and 7. This means
that we are remaining with 3 choices of n;’s. We define the group homomorphism
f : glo — GLg(Flg) as follows:

18 0 0 4 0 0 0 01 1 0 0
T+ 0 0 18 , To—> 0 4 0 , T3 1 0 0 , Tyt 07 0 ,SC5P—>713.
0 18 O 0 0 4 01 0 0 0 11

The group homomorphism f is an irreducible representation of Gy of degree 3.
Therefore, Lemma 2.7 implies that M3(F19) must be a summand of F19G19. This
confirms that (212, 3!2) is the only possible choice of the values of n;’s.

The rest of the cases can be done on the similar lines of the cases of Theorem 3.4. [

3.11 g11 = (Cg X ((Cg X Cg) X 03)) X 02
The group Gi1 has the following presentation:
G = (w1, 09, 23,24, w5 | 27, [, 21]23 ', [3, 2]as ', [wa, m)ay ', (s, 4], 23, 23, m2),

[fE4, x2]a [1'5, 1'2]7 x%v [CC4, .’£3]$51, [‘:UE)? .’ﬂg], iﬂi, [1'5, 1'4]7 £L'§>
By constructing the table of conjugacy classes as in the case of previous groups, we
can note that the exponent of G1; is 6 and it has 21 conjugacy classes.

THEOREM 3.11. The unit group of the group algebra KGi1 is given below:
1. For ¢ = {1} mod 6, U(KG11) = K** ® GLy(K)" © GL3(K)* ® GLg(K)?.

2. For ¢ = {5} mod 6, U(KG11) = K** ® GLy(K)" ® GL3(K2)? © GLg(Kz).

Proof. The group algebra KGp; is Artinian and semisimple. We observe that the
commutator subgroup Gj; = C5 x ((C3 x C3) x C3) and %ﬁ >~ (s,

Case 1. ¢ = {1} mod 6. In this case, the cardinality of every cyclotomic K-class is 1.
Therefore, the decomposition of the group algebra is KGy; & K ©2°, M,,. (K),n; > 1.
By applying Lemma 2.4 (ii), we further deduce that KGy; & K2®!2, M,,, (K), n; > 2.
Since the dimensions of both the sides are same, we end up with 160 = 2321 n?
We observe that the subgroup N := (x5) is normal in G;; and F; = Gy1/N;
(C3 x C3 x C3) x Cy. Using [4] and Lemma 2.4 (i), we reach at KG; = K? @
My(K)3 @8 M,,,(K), n; > 2. Again consider the subgroup Na := (x3) which is
normal in Gi; and F = G11/Ny = ((C3 x C3) x C3) x Cy. Again using [4] and
Lemma 2.4 (i), we conclude that KGy; = K2 @ Mo (K)' @ M3(K)* @ Mg(K)?.

Case 2. ¢ = {5} mod 6 can be shown by analogy with Case 2. Theorem 3.5. O

N

1%
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4. Conclusion

We have studied the unit group of semisimple group algebras of non-metabelian groups
of order 162, and this paper completes the study of unit groups of semisimple group
algebras of all groups up to order 162 except those of groups of order 150 and 160.
It is clear that as the size of the group increases, new techniques are needed to
uniquely characterize the unit groups. This paper motivates the researchers to find
an algorithm that computes the Wedderburn decomposition of a semisimple group
algebra of any finite group.
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Appendix

Group actions involved in the semi-direct product

In this section, we discuss the group actions involved in the semi-direct products of
the groups G, G3, G4, Gs, G7,G10. Basically, we explain the homomorphisms from Cy
to (Cg x C3) x C3, which generate each group. Using GAP, it can be noted that there
are 4 non-isomorphic groups having similar structure given by (Cy x Cs3) x C3. We
call them as Hq, Ho, H3 and Hy. The presentations of these groups Hi, Hy, H3 and
H, can be written as:

Hi=(fv, fa, fo, fa | [L 105 (oo PS50 U o Ufas 1), 13, Uss f2, (s fol, 5 (Fas o), £2),
Hy = (fu, fa, fa, fa | 12, [fo, il 505 Ufss AF S (fas A1), £2 0305 Ufss £2), [Fas fol, 5 [fas fo), £2),
Hs = (f1, fo, f3, fa | £3, [fos Fu)F5 5 sy ulfa s Ufas s £3 020 UFss ol Lfas fo)s £3 [ fas 3], £2),
Ho = (f1, fa, fo, fa | 13, [fo, i) f2 05 sy 1), [Fas ), 125 (Fss fo), [, Sl f5 £t (fas o, £2).

Finally, we discuss the group actions corresponding to the groups Gz, Gs, G4, Gg, G7
and Gip.
e We consider o3 € Aut(H;) which maps fi, fa, f3, f1 to f2f2, f2fs, f2, f1, respec-
tively. Also o3 is an element of order 2 in Aut(H;). Therefore, the group homomor-
phism C5 — Hj generates Go via o3.

o We consider oy € Aut(Hy) which maps fi1, f2, f3, f1 to f2f2f2, f2, f2 fa, f1, respec-
tively. Moreover, we consider o5 € Aut(Hz) which maps f1, fa, f3, fa to f2f32f3, f2,
f3, f2, respectively. We note that the order of elements o4, 05 € Aut(Hs) is 2. Hence,
the group homomorphism Cy — Hs generates G via 04 and the group homomorphism
C5 — Hs generates G4 via o5.

e We consider og € Aut(Hz3) which maps f1, fo, f3, fa to fi, fa, f3, f1 to f2, f3£3,
f3f2, f1, respectively. Moreover, we consider o7 € Aut(Hsy) which maps f1, fa, f3, f1
to f2, f2f32, faf2, f2, respectively. Also, the order of elements 06,07 € Aut(Hs) is 2.
Therefore, the group homomorphism C5 — Hj generates Gg via og and the group
homomorphism Cs — Hjs generates G7 via o7.

e By considering og € Aut(H,) which maps fi, fa, f3, fa to f2, f2f2, f3, f1, respec-
tively, we note that the group homomorphism Cs — H, generates Gig via osg.

Therefore, due to the different group actions mentioned above, we observe that
the groups G2, Gs, G4, G, G7, G109 are non-isomorphic to each other.



94 Units of the semisimple group algebras of groups of order 162

(received 20.06.2023; in revised form 20.11.2023; available online 20.08.2024)

Department of Mathematics, College of Engineering and Technology, SRM Institute of Science & Technol-
ogy, Kattankulathur-603203, Tamil Nadu, India

E-mail: an1295@srmist.edu.in
ORCID iD: https://orcid.org/0009-0001-2195-9478

Department of Mathematics, College of Engineering and Technology, SRM Institute of Science & Technol-
ogy, Kattankulathur-603203, Tamil Nadu, India

E-mail: nandal611@gmail.com
ORCID iD: https://orcid.org/0000-0001-5678-5976

Defence Research and Development Organization, Near Metcalfe House, Delhi-110054, India
E-mail: gaurav.mittaltwins@yahoo.com
ORCID iD: https://orcid.org/0000-0001-8292-9646

Faculty of Mathematics and Computer Science, South Asian University, New Delhi-110068, India
E-mail: rksharmaiitd@gmail.com

ORCID iD: https://orcid.org/0000-0001-5666-4103


https://orcid.org/0009-0001-2195-9478
https://orcid.org/0000-0001-5678-5976
https://orcid.org/0000-0001-8292-9646
https://orcid.org/0000-0001-5666-4103

	Introduction
	Preliminaries
	Unit groups
	G1:=((C3C3C3)C3)C2
	G2:=((C9C3)C3)C2
	G3:=((C9C3)C3)C2
	G4:=((C9C3)C3)C2
	G5:=((C3C3C3)C3)C2
	G6:=((C9C3)C3)C2
	G7:=((C9C3)C3)C2
	G8:=(C3((C3C3)C3))C2
	G9:=C3(((C3C3)C3)C2)
	G10:=((C9C3)C3)C2
	G11:=(C3((C3C3)C3))C2

	Conclusion

