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BINARY SEQUENCES WITHOUT 011...110
—_——

k—1
FOR FIXED k

Rade Doroslovacki

Abstract. The paper gives a special construction of those words (binary sequences) of length
n over alphabet {0, 1} in which the subword 011...110 is forbidden for some natural number k.

k—1
This number of words is counted in two different ways, which gives some new combinatorial
identities.

1. Definitions and notations

Let X = {0, 1} denote 2-element set of digits. X is called an alphabet. By X"
we shall denote the set of all strings of length n over alphabet X, i.e.

X"={zzy...xp |z EX Ao € XAN--- N2y € X},

the only element of X is the empty string, i.e. the string of the length 0. The set
of all finite strings over alphabet X is
xt=Jxn
n>0

If S is a set, then |S| is the cardinality of S. By [z] and |[z| we denote
the smallest integer > x and the greatest integer < x, respectively. By (o(p) and
(1(p) we denote the number of zeros and ones respectively in the string p € X*.
N, ={1,2,...,n}, N, =0 for n <0, (}) =0iff n < k and [z] is the nearest
integer to x.

2. Results and discusion

Now we shall construct and enumerate the set of words

A = n n — ... Tn )(n7 ) Nn_ iLq R i 1...1
r(n) ={%xn|Xn =2122...2, € (Vie ) XiZigr o Tigp 0 0)}
k—1
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for each natural number k. It is known that

ai(n) = |4y ()] = Mf ("‘?“) =

‘ )
=0

10 2 M

5+3V5 <1+¢5)n]

(Fibonacci numbers) where

Al(n) = {Xn | Xn =12 ...Tn € )(n7 (V’L S Nn—l) (xixH_l ;é 00) }

In [5] it is shown that the following theorem is valid.

THEOREM 1.
n 1—1 . . .
t—1\/n—1—7+1 202 +1
=l =1+ 3 (5 () = [
where

AQ(’I’L) = {Xn | Xn =2122...Ty € )(n7 (VZ € Nn_g) (xixi+1xi+2 ;é 010)}

and

1
o= 6(4 + \3/100 +4v621 + \3/100 —4v621) = 1,754877666247.

As(n) is the set of all words of length n over alphabet {0,1} with forbidden
subword 010.

THEOREM 2.

t—1\[(i—1—3\(n—1i—7—-2k+1
A =1
won=1+3550 3 () () ()

where

A3(n) = {Xn | Xn = T1T2...Tn € )(n7 (V’L € Nn_3)($ixi+1xi+2$i+3 # 0110) }

Proof. Now we shall construct this set of words As(n) in some special way,
which gives the result for | A3(n)|. We make a partition of the set A3(n) into subsets
A%(n) which contain exatly i zeros.

Ag(n) = {Xpn | Xn € A35(n), (Vs € Np_3) (£sZs41Ts12Ts+3 # 0110), lo(xn) =1 }.

First we write ¢ zeros and then we write one of the letters from the set {p,q, A\}
on the i — 1 (1 < i < n) places between i zeros where p =1, ¢ = 111 and A is the
empty letter. Letter A is the letter with property that if A is writen between two
zeros then actually nothing is written. Let 7 be the number of appearances of the
letter p and k is the number of appearances of the letter ¢. We choose j places from
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1 — 1 places for letters p and after that we choose k places from ¢ — 1 — j places for

leters ¢. This we can do in
=1\ [i—1—7
2
(5H(077) @

different ways. Now we have only n —i — j — 3k ones, which must be put on & places
where we have subwords 111 as well as into the regions in front of and behind the
word, that is into k£ + 2 regions in all. It can be done in

n—i—75—2k+1
< P ) ways . (3)
Thus from (2), (3) and

n

[As(n)| =D |Ai(n)| = 1+ > |AL(n)|
1=0 1=1
Theorem 2 follows. =

THEOREM 3.

a3(n)=|A3(n)|:{ 20° +1 n}

2a3 —3a+4a

1
a=g (1 +1/3+ 2¢5> ~ 1,866760399.

Proof. Words x, € Az(n) are obtained from other words x,—1 € Az(n — 1)
by appending 0 or 1 in front of them. Let x,,_1 € As(n — 1), x,_3 € As(n — 3)
and X,,_4 € A3z(n —4). Then 1x,,_1 € Az(n), 0110x,,_4 ¢ Az(n) and 0111x,_4 €
As(n), which means that 011x,_3 € Az(n) if and only if x,,_3 begins with letter 1.
This implies the reccurence relation

az(n) = 2az(n — 1) —az(n — 3) + az(n — 4)

whose characteristic equation is #* — 223 +  — 1 = 0 and whose roots are

a:%<1+\/3+2\/5>7 ﬁ:%<1—\/3+2\/5)
7:%<1+m/2\/5—3> and 5:%(1—1'\/2\[—3).

The explicit formula for az(n) is
a3(n) = C’la” + Cgﬁn + C3’Yn + C4(5n

where

where
203 + 1 2% + 1
01:L7 CQZL
203 — 3a + 4 233 — 33 +4
293 +1 263 +1
3= ———— d Ci=———-—7—.
3T 9 3y 4 MY MMToE 3514

Since |f] < 1, |7] < 1 and |§| < 1 we obtain Theorem 3. m
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Thus from Theorem 2 and Theorem 3 follows

COROLLARY 1.

n n—i L"l*i*JIJ

2 t— 1\ [(i—-1—-j\(n—1—j—2k+1
=1+ (50 )
|43(n)| = 2%0 g% ; Fa1

B 20 + 1 n 1 /
= {2a3_3a+4a}, where a—2<1+ 3+2\/g>.

THEOREM 4.
nnlv'“Jwg%J ﬁéﬁiul%i%
Al =14+35" > > Y
1=171=0 j2=0 73=0 Jr—2=0 £=0
mf[ 3( —1—sm> (i—l—sk_2> (n—i—Sk_g—(k—1)€+1>
me0 Im+1 14 E-f‘ 1

where s, = j1 +J2 + -+ jr, S0 =0, S = j1 + 2j2 + - -+ + kjr and

Ap(n) = {xn | Xn = 2125 .. .7y € X", Ny i) (ZeZors .- Torr #£01...10)).
r(n) ={Xn | Xn =122...2, € (Vs € ) (TsTsq1 .o Tsqpp 0 0)}
k—1

Proof. We partition the set Aj(n) into subsets A% (n) which contain exactly 4
Zeros i.e.

AZ(n):{xn|xn:x1x2...xn eXn,

(Vs € Np—p)(@sTst1 .- Togk # 01 10),lp(xn) =1}
lcfl

Now we shall construct words from A} (n) in the following way. First we write i

zeros and then we write one of the letters from the alphabet {qi,¢2,...,qr—2,7, A}
on i — 1 places between ¢ zeros where ¢,, = 11...1, for m € {1,2,...,k — 2},

m
r=11...1 and X is the empty letter. Let j,, be the number of letters ¢,,, and
—

k

¢ the number of letters . We choose j; places from ¢ — 1 places for letters ¢, jo
places from ¢ — 1 — j; places for letters ¢, ..., jr—2 places from ¢ — 1 — s;_3 places
for leters ¢, and ¢ places from i — 1 — s;_o places for letters r. It can be done in

T () !

m=0

different ways, where s = 71 4+ jo + -+ + jr and sg = 0. There remains to write
n—1— Sk_2 — k( letters 1 on ¢ regions which already contain r, as well as into the
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regions in front of and behind the word, that is into ¢ + 2 regions in all. It can be

done in 5 (k- 1)¢
n—1—S,_o—(k—-1)(+1
)
(T g
different ways, where Sy = ji + 2j2 + - - - + kjx. Thus from (4), (5) and |Ax(n)| =
> o |AL(n)| Theorem 4 follows. m

THEOREM 5.
|Ak(n)] = [C(k,0)a"]

for large enough values of n, where « is the unique real root of equation
et 2k p 2 —1=0
which lies betwen 1 and 2 and C(k,) is the rational function of o and k.

Proof. Words x,, € Ax(n) are obtained from other words x,_1 € Ag(n —1) by
appending 0 or 1 in front of them. Let

Xp—1 € Ag(n — 1), Xn_—k € Ag(n — k) and xp_k-1 € Ar(n —k—1).
Then

1x, 1 € Ak(n), 011...1x, x 1 € Ak(n), 011...10xn k-1 ¢ Ak(n)
k k—1

which means that 011...1x,_x € Ag(n) if and only if x,,_x begins with the

k—1
letter 1. This implies the reccurence relation

ar(n) = 2ai(n — 1) —ar(n — k) +ar(n —k — 1)

whose characteristic equation is z**t! — 22* + £ — 1 = 0 which has only one real
root a for k = 2m, m € N. This real root lies between 1 and 2. If £k = 2m + 1,
m € N U {0}, then the characteristic equation has only two real roots a and 3
where @ € (1,2) and 8 € (—1,0). The complex roots have modules less than 1.
Because of that it follows that ax(n) = [C(k,a)a”] for large enough values of n,

where C(k, a) is rational function of o and k. m

COROLLARY 2.

ey iyt
e i

[Agm)] =14+ ">

i=1 j=0 k=0 £=0

i— 1\ [i—1—j\[(i—-1—j—2k\(n—i—j—2k—30+1
j k ¢ (+1

4ot —a+2 n
= o
4ot — 402 + 30+ 2 ’




98 R. Doroslovacki

. 4_ . . .
i.e. C(4,a) = m and o is unique real root of equation x° —2x*+r—1 =0

whose complex roots are with modules less than 1.
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