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BANACH SPACES OVER TOPOLOGICAL SEMIFIELDS
AND COMMON FIXED POINTS

Slobodan C. Nesié

Abstract. In this paper we shall prove the existence of a common fixed point of two
mappings of a Banach space over a topological semifield.

INTRODUCTION. The notion of topological semifield has been introduced by
M. Antonovskii, V. Boltyanskii and T. Sarymsakov in [1]. Let E be a topological
semifield and K the set of all its positive elements. Take any two elements z, y
in E. If y —xisin K (in K), this is denoted by # < y (z < y). As proved
in [1], every topological semifield E contains a subsemifield, called the axis of E,
isomorphic to the field R of real numbers. Consequently, by identifying the axis
and R, each topological semifield can be regarded as a topological linear space over
the field R.

The ordered triple (X,d, E) is called a metric space over the topological semi-
field if there exists a mapping d: X x X — K satisfying the usual axioms for a
metric (see [1] and [3]).

Linear spaces considered in this paper are defined over the field R. Let X be
a linear space. The ordered triple (X, || ||, E) is called a feeble normed space over
the topological semifield if there exists a mapping || ||: X — K satisfying the usual
axioms for a norm (see [1] and [2]).

Let (X, || ]I, E) be a feeble normed space over the topological semifield E and
let d(z,y) = ||z —y|| for all , y in X. The space (X, ]| ||, E) is said to be a Banach
space over the topological semifield F if (X, d, E) is a sequentially complete metric
space over the topological semifield E.

We shall prove the following theorem.
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THEOREM 1. Let X be a Banach space over the topological semifield E and
S, T: X — X two maps. If there exist real numbers b, ¢, q and t such that

0L g+ (1 —t)—c<b+e, 0<t<1, (1)
bl|Sz =Tyl + c(llz — Szl| + ly — Tyll) < qllz =yl (2)
for all z, y in X, then the sequence {x,}, the members of which are

Zont1 = (1 — t)T2pn +t Sxan,

3
x2n+2:(1—t)x2n+1 +tT.Z‘2n+1, o€ X, n=0,1,2,... ( )
converges to the common fized point of S and T in X.
Proof. Let xgp in X be an arbitrary point. Using the sequence (3) we have
|z2nt1 — Tonl| = t]|Sxon — T2nl|s @)
|z2nt2 — Tontill = t | TT2n41 — Tant1]]
and hence
||.7?2n_|_1 — SSCQn“ = ||(1 — t)xgn +t55€2n - Sx2n||
1—t
= (1 = t)||w2n — Sw2,]| = — z2n — z2n41l,
|T2ns2 = Toonpr|l = [[(1 = t)z2ny1 +t Tw2p 41 — TT2n41]|
1—1¢
= (A = tlleznt1 = Toznsil = —— 2041 = 2202l
Then the inequalities
IZ2n4+1 — T@2n41ll — [T2nt+1 — Sw2n|| < [[S22n — To2n 41| (5)
and
[Z2nt2 — STan2|l — |P2n42 — To2ns1 || < [[S22n42 — To2n 41| (6)
respectively become
1 —t
;||3?2n+2 — Tonq1 |l = — |z2n — Tant1ll < ||Sz2n — TTan41l| (7)
and
1 1—1¢
" lz2n+3 — T2nt2ll — — |lz2n+1 — Tons2ll < [|ST2n42 — To2npa|l.  (8)

Let b > 0. If we put in (2) x = 22, and y = x2,41, then from (4), (5) and (7)
we get

1-—t c
p lz2n e — T2ns1ll — |b|T lz2n — zony1ll + 7 lz2n+1 — Zonl|

C
+ lz2nte — Tans1ll K qllv2n — z2n 41l (9)
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and hence

|z2nt2 — Tontil] € kl|Z2nt1 — Zonl|, (10)

where k = (¢t + (1 = t)|b] — ¢)/(b+ ¢) and b = |b|. Now, if we put in (2) & = xa,42
and y = x2,41, and use (4), (6) and (8), we get

b 1—t c
p lz2n+3 — T2ntall — |b|T lz2nt2 — Tanyall + 7 lz2n+3 — Tant2ll

C
+ |z2nt2 — Tans1ll K qllr2nt2 — 22041l (11)

and hence

lz2n+3 — Tantall K kllv2nt2 — T2nt1 - (12)

Now, if b < 0, then we use the inequalities
IZ2n4+1 — T2n41ll + | T2n+1 — Sw2n|| > S22 — To2n41| (13)

and
[Z2n42 = STonsoll + |T2n42 = T22n41l| > [|Sz2nt2 — T2n 1]l (14)
If in (2) we put & = z3, and y = 2,41, then by (13) we obtain (9), since then
—|b| = b. If in (2) we put & = 2,42 and y = xa2,41, then by (14) we obtain (11).
From (10) and (12) then we obtain

l2n = Tni1l] € Ellzn-1 —znl,

which implies
|20 = Tns1l] <k [lzo — 2.
Since (1) implies 0 < k£ < 1, it follows that {z,} is a Cauchy sequence in X.

Because X is a Banach space over the topological semifield E, we deduce that {z,}
converges to a point « in X. Then from (4) we have lim,, Tx2,+1 = u.

If in (2) we put x = u and y = Zan41, then by (4) we have
c
bl Su = Tazntill + cllu = Sull + 2 llz2n+2 = 22041 < gllu — 22041l

Letting n — 400, we get (b + ¢)||Su — u|| < 0. Then, as b+ ¢ > 0, it follows that
Su = u. Hence, u is a fixed point for S. Similarly, Tu = w. Thus, u is a common
fixed point of S and T'. This completes the proof. m

REMARK. In case S =T, b =0 and ¢ = 1 in Theorem 1, we obtain the
Theorem 1 of Nesi¢ [4].
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