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ON THE CONVERGENCE OF A THREE-LEVEL
VECTOR SOR SCHEME

Bosko S. Jovanovié

Abstract. In this paper we consider a vector alternating directions difference scheme for
solving multidimensional wave equation. The scheme reduces to a modified block successive
overrelaxation (SOR) algorithm. The stability and the convergence of the scheme are investigated.

As a model problem let us consider the first initial-boundary value problem
(IBVP) for the multidimensional wave equation

0%u "

Sr=Autf, (5)EQ=2x(0,T)=(0,1)"x(0,T),

ue O =uw(), 20w, sen, e
w(z, t) =0, xel'=902, te(0,T).

We assume that the generalized solution of IBVP (1) belongs to the Sobolev space
Ws(Q), s> 2 [7]. In this case there exists a trace u|,_, € WQS_l/Q(Q) C Ly()
for ¢’ € [0, T]. We also assume that the solution u can be oddly extended in space
variables outside the domain {2, preserving the Sobolev class.

Let @ be uniform mesh in 2 with step size h. Let us denote w =wN N2, v =
O\w and w; = wU{x = (z1, ..., 2,) € 7| 2; = 0}. Let 6 be uniform mesh
on [-7/2, T] with step size 7, and § = 6 N (0, 7). Finally, let Q,, = @ x 6.
For a function v defined on the mesh Q,, we define the finite-difference operators
Vs, Uz, Uy and vz in the usual manner [8]. Let us denote v = v(x, t), 0 =
v(z,t+7) and v =v(x, t — 7).

Let Hj, be the set of discrete functions defined on the mesh @, which vanish
on 7. Let us denote

n
—Vz;%; T Eew
Aiv:{ wr and Av:ZAiv.
0, T ey -
=1
The identity operator on H; will be denoted by I.
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We introduce the following discrete inner product (v, w), = h"™ > v(z) w(z)
TEw

and the norms

ol = (v, 0)Y/2 = (h"Zv ) and  |v]|, = (h” S v2(x)>

rEw rTCEw;

1/2

For a linear, selfadjoint and nonnegative operator A on Hj, with ||v||a we denote
b2 [13 H 1/2 M
so called "energy“ seminorm ||v||4 = (A v, v),/” . In particular

lolla, = (Aiv, )y = ||va,

wi *

With T; and T; we denote the Steklov averaging operators in space variables
x; and time variable ¢ (see [4])

1 x,j+h/2
Tf(l' t) f(l'l,...,l';,...,l'n,t)dl';,
h x,'fh/Z
1 t-I—T/Q
th(l',t):—/ f(xlv"'vxnvtl)dtl'
T t—7/2

Finally, C' will stand for a positive generic constant, independent of h and 7.

We approximate IBVP (1) by the following alternating direction finite-differen-
ce scheme (FDS) (see [1], [9])

1—1
; 1 . . 1 . .
’U;{-Fi E (A]173+A]67)+%A1(131+T)1)

2
+(1——)Av+2/1v]_ T, ted, @
Jj=1+1
=Ty -Th(upF057u1), i=1,2,...,n.

Here o is a positive free parameter. Equation (2) can be rewritten in the form

2

(1+2T )vtt ZA] tt+ZA V=TT, T, f, te€8.

FDS (2) is economic since the evaluation of v* on the next time level reduces to the
invertion of the operator I + % A; , represented by threediagonal matrix. It can
be treated as a operator (vector) variant of the successive overrelaxation method
[3]. A similar FDS, close to Jacobi overrelaxation method (JOR) was considered
in [2] and [5].

The errors defined as z* =T} ---T,, u — v* satisfy FDS

2 211

(I+2T )ztt ZA] tt+ZA 2=t teon,

zti|t:_"'/2:ﬂ’ 05(Z +2Z |t:—7’/2:67 1=1,2,...,n
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where
. n . 7'2 -1 . 7'2 .
T J _ - J _ [t
p=gk Yy -5 Y -
7j=1 Jj=1
d%u
£ :Tl"'Tn(utf_TtW)v
, d%u
J — Z _
n —Tl Tn (Tt 8563 uxjavj)v

. 2
¢ = %T1~~~Tnug”ijtt_v
ou Ou
=TT, (T} — — — ’
B 1 (tat at)t:O

& =05T1 Ty (ulm rpp =2 g+ tuleryy) -

To prove the stability and the convergence of FDS (2) we represent equation
(3) in the matrix form

[(I+T—;(L+§I)A] 2i+EAz=®, tcf,

: (4)
Ztly— -y =Db, 0.5(z+2)|__,/p=d,
where z = (z',...,2")7, & = (o', ..., 9", I = diag({,...,I), A =
diag(Alv"'vAn)v b:(ﬂv"'vﬂ)Tv d:(ﬁv"'vé)Tv
0 0 0 0 o 1 ... I I
I 0 ... 00O 0o o0 ... I I
L=|(I I ... 00| w©U=|: : . = : and E=L+I+7U.
T 00 ... 01
I 1 ... I O 0O o0 ... 00

Let us also define the inner product and the associated norm of vector-functions

n

(2, W)=Y (= we, ezl =(z,2)".

i=1
For a three-level FDS in the form
Czy;+Az=17, (5)
using the energy method [8] one easily prove the following proposition.

LEMMA 1. If A=A*>0, and C—-0.2572A >D =D* >0 then FDS (5)
is stable and the a priori estimate

max N(z) <N(#)|,__ ,+7 > [¥lp-1,
teol
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where t2)?

2 zrz
N2(z) = ||Zt||c—0.25r2A HTHA
holds.

Applying A to (4) we obtain a FDS in the canonical form (5), where A =
AEA =A">0, C=A+ZALA+ %Az and ¥ = A®. One can easily
acknowledge that

9 _
((C—-0257*A)z,z) = (Az, z) + 7° O-(AZ,AZ)7

which means that for 0 < o <2, C—0.2572 A > A > 0, and, consequently, FDS
(5) is stable.

From lemma 1 we obtain the a priori estimate

max N(z) < N(2)|,__y +7 3 1¥a+ (6)
teo
Further
Z+Z zZ+Z
N?(z) = ||Zt||2C—o 2572 A H H 2 HZtHA + HA HE

Z z+z
=3 Iel, +H2A 220 = el
=1

N*(2)|,__, , = [IPl& 0252 a + lldlA

- 2—0
> (1813, + 7 =2 14: 812 ) +

n 1/2
2l =lola = (X 1415.)

)

Substituting in (6), when 7 < h (i.e. C1h <7 < C2h), we obtain

mas [2]}2 < Z (8L, + 6wz,

=1 tel

L) (7)

To prove the convergence of FDS (2) we must estimate the terms . =
Coi + 2, — & E; VG- —; L, Be; and dy,z,. The value of &
the node (z,t) € w; x 6 is a bounded linear functional of u € Wy (e), where
e=[I1,(zi —2h, x;+2h) x (t =7, t+7) and s > 2. Moreover, & vanishes on
the polynomials of the fourth degree. Using the Bramble-Hilbert lemma and the
methodology proposed in [6] and developed in [4], for 7 =< h, we obtain

el SCR T 2 Julyysey,  3<s<5.
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From here, by summation over the meshes w; and 6, it follows

> ]

teb

wi SOR P lullws@),  3<s<5.

In the same manner we can estimate n;i , Cgl, , Bz, and 0,7, . From these esti-
mates and the inequality (7) we obtain the following convergence rate estimate for
FDS (2):

max Izlls < Ch°~° ullws (@),  3<s<5. (8)

Another group of convergence rate estimates can be obtained in the following
way. Denoting

from (3) we obtain

2 211

(I+2T—0 )ztt ZAJ tt+Az:<p

After solving in z’-, applying the operator A; and summing over i we obtain

tt>

zi+Az=V, ted,
Bl =B 058 =0, )
where
A:zn:A“ m:A*liAZ<p’
i=1 i=1
a=a(rea) T ) [+ 5 (G-1) ),
j=1
d=a(r+ Za) I (14 2a) i+ T (2-1)a)]
j=i+1
For 0 < ¢ <2 we have
—A, <A =A< A, —A <A =A< A, 0<A=A"<A and
I—T;A:%E(IJrgAj)1{j1;[1(]+£/1j)+j:1[I+T—;(§—1)Aj]}
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In such a way, accordingly to lemma 1, FDS (9) is unconditionally stable. In the
case when 7 < h we also have

I-02572A>cl, A >cA,

where c is a positive constant.

Using these relations and lemma 1 we obtain the a priori estimate
)"
2 lia

max ||z]|1 = max (||Zt||2 + H
teo teo v

<C (I8l + Y ol +7 D D I60)
=1

teh i=1

(10)

Similarly, applying operator A*~1 (k =2, 3,...) to (9) and repeating the same
procedure, we obtain

_ 2 422 \1/2
g 1ol = e (s + 5 )
" (1)
<C (18 + 8] +7 323 Il

telh 1=1

In such a way, the problem of deriving the convergence rate estimate for FDS

(9), or (2), is now reduced to estimation of the right hand side terms in (10) and
(11). Using the Bramble-Hilbert lemma, in the same manner as in the previous
case, from (10-11) we obtain

max Izl < CR T  ullwsq), k+1<s<k+3; k=12 ... (12)

REFERENCES

1]

B.H. Abpamun, O6 odnom sapuanme Memolda nepeMenHbET HANPABAEHUT Peuenus MHO-
zomepnue 3a0a mamemamuveckol gusuxu, Juppepennuanbuele ypaHenus 26 (1990), 314—
323.

B.H. A6pammnu, B.A. Myxa, O6 00HOM Kaacce KOHOMUNNBLE PA3HOCTINLLIEL CLEM PeueHus
MHozomepruz 3a0av mamemamuveckol Pusuxu, [luppepernuanbuele ypasrerus 28 (1992),
1786-1799.

D. Herceg, Numericke i statisticke metode u obradi eksperimentalnih podataka, II, Institut za
matematiku, Novi Sad 1992.

B.S. Jovanovié¢, The finite-difference method for boundary-value problems with weak solutions,
Posebna izdan. Mat. Inst. 16, Belgrade 1993.

B.S. Jovanovié, On the convergence of a multicomponent three level alternating direction
difference scheme, Mat. vesnik 46 (1994), 99-103.

P.I0. JTazapos: K eonpocy o cxodumocmu pashocmmue crem 0ad 06obu,enn peuenutd ypas-
nenus [Tyaccona, Iuddepenrmansuete ypasaenus 17 (1981), 1287-1294.

J.L. Lions, E. Magenes, Boundary-value problems and its applications, Springer, Berlin 1972.
A.A. Camapckunii, Teopus paznwocmuwnr crem, Hayka, MockBa 1983.

I1.H. BabumeBuu, Bexmopnsie addumusnsie paznocmusie cremvt, MockBa, WMucr. MaTtemar.
Mogenup. PAH, 1994, npenp. 2.

(received 14.09.1995)

University of Belgrade, Faculty of Mathematics, 11 001 Belgrade, POB 550, Yugoslavia



