MATEMATHNYEKN BECHUK UDK 514.124
49 (]_997)7 7780 OPUTMHAJIHUA HAyUYHU pajl

research paper

H-PROJECTING IN n-DIMENSIONAL
EUCLIDEAN SPACE E™

Milan Janié

Abstract. Several types of projecting in n-dimensional Euclidean spaces are known. In this
article we define a new type of projecting of the n-dimensional Euclidean space onto its fixed plane.
We shall prove some properties of this projecting. It will be shown that so defined projecting is
a central projecting with an (n — 3)-dimensional subspace as a center.

1. Central projecting

By E™ we denote the n-dimensional Euclidean space. An m-dimensional sub-
space of E™ will be denoted by E™. It is known that E™ can be extended to the
projective n-dimensional space P" by adding a hyperplane E”~1. The subspaces of
P will be denoted the same way as the subspaces of E™. The lower index oo will
denote that a subspace of P™ is in E™ 1. If E} and E} are subspaces of P", then
their intersection is also a subspace. If ny +ny—n > 0 and the subspaces EJ* and E
are in general position, their intersection is the subspace E™ N E™ = Eritnz—n,

Let M be a point of E™ and {5’100, e ,S(n_g)oo} a simplex of a subspace
E"~3. The points Sieo, -- -, S(n—2)s0, M determine a subspace EX/[_Q of E™.
Let E2 be a fixed plane of E™ in general position with respect to the simplex
{Sloo, ces ,S’(n_Q)oo}, i.e. such that they span E™. We define that E3 N E’]\L/l,_2 =
E° = M’, is the projection of the point M by a subspace EZ 3. The subspace
E]’\L/fz is called the projecting subspace. To determine the projection of any other
point N onto the plane EZ, it is sufficient to intersect that plane by the subspace
determined by the points Sioo, - .-, S(n—2)e0, V. The subspace En73 is called the
center of projecting of E™ onto the plane EZ. The point M’ is called the central
projection of the point M by the center E™ 3.

2. Projecting of E™ by EZ% 3

Let Owy...xz, be a coordinate system of E". Let X;o, = x; N B!
(t=1,...,n) and let Eﬁi_{n_l be the coordinate hyperplane Oz ... x,—1. If M
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is a point of E™ then its projection onto the hyperplane Eﬁ_l is M, .. n-1 =

...,n—1
El 1N MX,. Let H, be a point of the line X100 Xnoo, Hn # Xiso, Xnoo-
The point M{L’___m_l = H,M N XM, .. n-1 isthe projection of M by H, onto

the hyperplane E' " . If H, 1 is a point of the line X0 X(,_1)c0, then the
procedure of projecting will be continued from the points X, _1)o and H, .

We shall obtain the point My . .o = (M . n-1), , o = Ef:_%n_? N
Ml,...,n—lX(nfl)oo and the pOiIlt M{’;...,n72 = (Mﬂ...’n71)1 n—2 = E{ti%n—? n

M7 —1X(n-1)x as the projections of the points M; __,-1 and M7 ,_; from
X(n—1)co ONto the coordinate subspace E{’:?’nﬁ =0x;...Tpn_o. Also Mln’f.lynf2 =
(M1,...,n—1)il:_17n_2 = Eﬁi?,n_g N He,_1)Mi,... n—1, will be the projection of the
point My . ,—1 from H,_; onto the subspace E{‘:_z’n_g.

After n — 2 such steps, we shall obtain the set of n — 1 points:

M = (( .- ((Ml,--- 77%—1)17___ 7n_Q) S )1’273)
MPy=((-. (M. 1),

My =((.. (M, . 1),

)
1,2
3
,n—2) o )1,2,3)1’2’
4
,n—2) o )1,2,3)1’2’

n— n—1
MPSt = (- (M, =1 ma) )1,2,3)1 2’

M1,2 =((.- ((Ml ,nfl)lym ,n72) e )17273)172-
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We call this projecting the H-projecting of E™ onto the plane Efg = Ox1,T2.
We shall prove that the central projecting defined in section 1 is actually an H-
projecting.

LEMMA 1. Let E* %! be a subspace of E™ and let {5’100,... ,S(k+l)oo} be
a simplex of EXF'=1 in general position with respect to E"*~!. Let E*=1 be the
(afine) span of {Sicos.-. ,Skeo}, E'SY the span of {S(k+1)oo,... ,S(k+l)oo}, and
E™! the span of E"*~! and EX1. If M' is the central projection of M from
E'Z1 onto the subspace E™~', M" the central projection of M' from EX1 onto
the subspace E"~*=! and M"" the central projection of M from EXF'=1 onto the
subspace E"F= then M'" = M".

Proof. Let E' be the span of E!Z and M, E**! the span of E¥'~1 and M, and
E* the span of EX~1 and M'. Then E' C E**! implies M’ € E**! which implies
E* ¢ E**! and the last relation in turn implies M” € E¥fin En=*F=l = {M""} =

THEOREM 1. The point M, 2 defined by the H-projecting is equal to the point
M', defined by the central projecting for Sico = Xico, 1 = 3,...,n, and Eg = O0x123.

Proof. We shall prove the theorem by induction. The statement is true for
n = 3, we assume it is true for n = m — 1, and let n = m. By Lemma 1 the point
M’ is the central projection of the point Mj 5 .. 1 from the span of the points
Xisoy @ =3,...,m— 1, onto the plane EZ, which is (by induction) the point M; . m

We shall also prove the following essential property of the H-projecting.

THEOREM 2. The points Mlz,MiQ, ooy My are on a line parallel to the
axis.

Proof. The planes which contain the points H; and X;,, do contain the point
X1 € H; X5 . Hence, 2-dimensional planes spanned by the points H;, X;,, and
M ... ; intersect the coordinate planes E{}l i1 along the lines which are par-
allel to the z; axis. Since Mf2 i1 = E{_Ql i1 MM sHi and Mo i1 =
E{S 1 NMis,. . i Xis, we conclude that the lines M{ , My ;1 are par-
alel to the x; axis.

By central and H projectings onto the plane Ox; x5 the lines parallel to the x;
axis remain parallel to it. Hence, the lines M, Mig are parallel to the x; axis, and
therefore they coincide, as the central projections of the lines M{Q i1 M
onto the plane EZ. m

J2,.i—1

By an H-projecting the point M is maped onto an (n — 1)-touple of colinear
points Mo, M1372, ...y M7'5. We shall prove that this correspondence is bijective.

THEOREM 3. The mappings M A, (Mll,MlH'll7 e, ML), 1 =
2,3,...,n—1, are bijections of E™ onto the set of (n — i + 1)-touples of points
(of the coordinate planes Ei , ;) which are on lines parallel to the x1-azis.
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Proof. We need only to prove that given an (n — i + 1)-tuple of points
(Ni,...,Np_iy1) of a line from Ej ; parallel to the z; axis, there is a unique
point M such that

(Niyooo s Nocign) = (M, M{TE o M), (1)

The proof will go by induction. Let ¢ = n—1. The point M, if it exists, is on the
lines Nanoo and NQHn Since N1 = NQ, or N1N2 B Xloo and Xloo S XnooHn7
the lines Ny X, ., and Ny H, are coplanar nonparallel and intersect at a unique
point M.

Assuming the statement is true for i = £k < n — 1 we prove it is true for
i = k — 1. Let us suppose that (1) holds for some point M and i = k — 1. As
we have just proved, the points Ny = M;  r—1 and Ny = Mf7___7k_1 give rise to
a unique point N € Ef, , such that N = My . The point N = My &
in turn determines the line through it parallel to the z; axis which, as we have
shown in the proof of the previous theorem, should contain the points Mf&___,k,
j =k+1,... n The points Mf’2,...’,67 j =k+1,... n, are therefore unique
intersections of the line through N = M > ., which is parallel to the z; axis,
and the lines through the points N; 1o = Mf p_1sJ =k+1,...,n, which are
parallel to the x; axis. Now, using the inductioh, we conclude that n — & + 1-tuple
(ML___,/C,Mlk".':l’k, .. 7Mlnk) uniquely determines M. m

REMARK. If the coordinate system Oy . ..x, is orthogonal, and the directions
H;, i =3,... n disect the right angles defind by the directions Xj, and X, then
My 2 Mj 5 equals to the distance of the point M to the hyperplane Ef' ", ., .
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