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BEST POSSIBLE BOUNDS AND MONOTONICITY
OF SEGMENTS OF HARMONIC SERIES (II)

Slavko Simié

Abstract. We give an answer to a hypothesis formulated in one of our earlier papers,
concerning boundaries and estimates of some segments of harmonic series.

In our previous article [4] we established some monotonicity criteria for the
sequences s(an,b,) of the type
1 1 1

(@n,by) + + by L
s(an,by) = — R
an ap+1 a,+2 bn

where (a,) and (b,) are increasing sequences of positive integers and a,, < by,
n € N.

Let A, := (an, — 1/2)> +1/12, B,, := (b, + 1/2)? + 1/12, n € N. Our results
from [4] are contained in the following propositions:

PROPOSITION A. If the sequence (A, /By) is nonincreasing for n € [n1,ns],
then s(an,by) is strictly decreasing for n € [ni,ns], n1,ns € N.

PROPOSITION B. If the sequence (i’%ﬂg), i.e. (Z“iﬁ) is nondecreasing,

then s(an,by) is strictly increasing for the same n € [ny,ns).

ProrposiTioN C. If

Bn+1 & > Bn+1 - Bn c [ )
A1 An BRA AR, o)

then the sequence s(an,by) is strictly increasing for n € [ny, nal.

There are numerous problems concerning boundaries and estimates of some
segments of harmonic series (i.e. s(an,b,)) for given integer sequences (a), (bn);
see for example [1], [2].
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Since the best possible bounds for s(a., b,) are represented by this sequence it-
self, we can define (as in [2]) the best lower bound of s(ay,, b, ) by s. = inf, s(an, by),
and the best possible upper bound by s* = sup,, s(an,b,); so these bounds do not
depend on n € N.

Obviously, the question of the best possible bounds is in close connection with
monotonicity of the sequence s(an,b,) and Propositions A-C, cited above, give an
efficient tool for solving this problem for wide class of segments of harmonic series.

In [3] we considered the question of the best possible bounds for sequences
(an), (by) being of the form of arithmetic progression, i.e.
L ! TN
np+A np+A+1 ng+ B’

sn(p,q, A, B) :=s(np+ A,ng+ B) =

where p, ¢, A, B are fixed integers and ¢ > p > 0, B > A —1 > 0. There we
formulated a generalization of results from [2] and [3] in the following

HypoTHESIS 1. Let m = p(2B + 1) — q(2A — 1). Then the sequence
Sn(p7Q7A7B) is:

(a) strictly increasing if m < 0; hence the best possible bounds are
8*(p7q7A7B) = lrrlbfsn(p7q7A7B) = 81(p7Q7A7B);
§'(p,¢, A, B) = sup sn(p, ¢, A, B) = lim 5, (p, ¢, A, B) = In(q/p);

(b) strictly decreasing in the case that m > 0, so

s«(p,q, A, B) =1In(q/p); s*(p.q, A, B) = s1(p,q, A, B).

In the same article we proved the validity of the cited hypothesis for the cases
A=1,B=0,pqg€e N,and A =1, B =1, p,g € N. We also showed that
sn(p,q, A, B) is monotonous for sufficiently large n under conditions on p, ¢, A, B,
m as defined.

But closer examination shows that part (b) of the hypothesis is not valid,
i.e. condition m > 0 is necessary but not sufficient for s,(p,q, A, B) to be strictly
decreasing for each n, n € N. This can be illustrated by the following example.

Let p=A=1,¢q=2B;then m =p(2B+1) —¢(2A—1) =1 > 0, but

B(2n+3) B(2n+1) 1 B(2n+3) 1 1
sn41(1,2B,1,B)—s,(1,2B,1,B) = Z o Z = Z e
s=n+2 s=n+1 s=B(2n+1)+1

B@Ent3)+1 gy 1 1 1
>/ — - :ln<1+ T 1)— > 0,
Bnt1)41 ¢ n+1l n+35+ 355 n+1

1 1
for B large enough and fixed n, since the inequality In (1 + —1> > ) is
satisfied for each n, n € N. n n+

2
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In this paper we will give definite solution of cited Hypothesis using Propo-
sitions A—C, i.e. we will show that part (a) is correct and, under conditions of
part (b), we will determine ng = ng(m,p,q, A) such that for n < ny the sequence
sn(p,q, A, B) is strictly increasing and for n > ng otherwise. From this, the best
possible bounds follow immediately.

An interesting consequence of this proposition is the establishment of the best
possible bounds for a generalized sequence sz, (p,q, 4, B):

1 1 1
I+ A pfmrari T m B

where f: N — N ia any increasing integer function.

Sf(n)(p7Q7 AvB) =

An answer to cited Hypothesis 1 (which includes all cases considered in [3]) is
given in the next

THEOREM D. Let A, B, p, q be fized integers satisfying B > A — 1
q>p=1, and define

WV

0,

q 2A—1 1 1
= p(2B+1)—q(2A—1); ¢:= L1 S O = le—Z et -|;
m p( + ) q( )’ c Gmp 2]7 ) 1 [C 3,C+3 ’

1 2
Cy = <c+ 57c+ §> i r € CLUC, is an integer and t := max(1,r).

Considering the sequence s,(p,q, A, B) defined as above, we have:

ProposiTION D1. If m < 0, the sequence s, (p,q, A, B) is strictly increasing
for each n, n € N; hence the best possible bounds are:

q+B

. 1

5*(p7q7A7B) = HrlLfSn(pquAvB) = Sl(p7Q7A7B) = Z ga
s=p+A

s"(p: ¢, A, B) := sup sn(p, ¢, A, B) = lim s, (p, ¢, 4, B) = In(g/p).

Proof. Checking validity of conditions of cited Proposition B (for a,, = pn+ A;
b, = qn + B), we obtain that m < 0 is equivalent to

ng+B+1/2 _ (n+1)¢g+B+1/2
np+A—-1/27 (n+1)p+A-1/2

. bu+1/2
ie. (—an71/2
conclusions of Proposition D1 follow. m

) is nondecreasing. Therefore s,(p,q, A, B) is strictly increasing and

PRrROPOSITION D2. In the case m > 0, the sequence s,(p,q, A, B) has the
mazimal term with index ng in the sense that it strictly increases for n € [1,no]
and strictly decreases for n = ng. Index ng is determined by: (i) no =t if r € Syi;
(i) ng =t orng =t+1if r € Ss.
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Proof. Let m > 0 and suppose ng > 2. Considering case (i), for n € [1,ny) we
have c — (n+1/2) > ¢ — (np — 1/2) > 1/6, that is

3m(2A —1) + 3mp(2n + 1)

6 - 1/2)) > ,
mple = (n+1/2)) > mp> 3,75(np+ A)2 — 1

wherefrom 22,5(np + A)?mp(c — (n +1/2)) > q, i.e.

1 1 2B+1
45(np + A)*mpq (c— <n+ 5)) <n+ 3 + 5 ) >q((2n+ 1)g+ 2B+ 1),

i.e.

1 1 2B+1 p 1 1
45 A)? - - - A T
(np + A)*mpq ((c <n+ 2)) <n+ 5 + o + 6mq> + 1 36m2>

>q((2n+1)g+2B+1).

This is (with a, = pn + A, b, = qn + B) exactly
4502 (Bpy1 A, — BuAni1) > Buy1 — By

so we have proved the validity of the conditions of Proposition C. Hence,
sn(p,q, A, B) is strictly increasing for n € [1,no].

Otherwise, for m > 0 and n > ng we have
B,A B4, = +B+12+1 (n+1)p+ A 12+1
n4in+1 n+14adn — ngq ) 12 n p 9 12

1V 1 1V 1
- <<(n+1)q+B+§) +E)<<np+A—§) +E>
1 1 2B+1 p 11
:mpq<<n+§—c><n+§+ 2q +Wq>—1+m>
>mpq<<no+l—c> <n0+1+2B+1+L>—1+L> >0
2 2 2¢q 6mq 4 36m? ’

. >1/2; c<1,
since ng + = — ¢
2 21/6; c>1.

Hence, under the conditions of Proposition A, the sequence s,(p,q, A, B) is
strictly decreasing for n > ng. It follows that, in this case:

5*(1), q, Av B) = Sng (pv q, Av B)a S*(pv q, Av B) = min(sl(pv q, Av B)v ln(q/p))'

What is the exact value of this minimum stays ambiguous and depends how large
is the ratio p/A (as could be seen using inequalities from [4]).

The proof of the case (ii) goes on similar lines, so we omit it here. m

Now we expose a generalized form of Theorem D.
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THEOREM E. Let f: N — N be any strictly increasing integer function. De-

fine:

1 1
f(n)+A+pf(n)-{—A-+—1+.“+qf(n)+B7

Sf(n) = Sf(n)(pquAvB) = D

with p,q, A, B,m,c,r,t,ng same as in Theorem D. Let

S* = S*(p7q7A7B) = 1nfo(n)7 S = S*(p7q7A7B) = SupSf(n)

PRrROPOSITION E1. If m < 0 then the sequence Sy(,) is strictly increasing for
each n, n € N; hence, S. = S1); S* = Sf(s0) = In(q/p).

PROPOSITION E2. If m > 0, (Syn)) is strictly increasing for n € [1, ko], where
ko := max(1, maxy (f(k) < no)). So, in this case Sx = Syp1); S* = Sy(ky)-

PROPOSITION E3. If m > 0, (Sy(n)) is strictly decreasing for n > ki, where
ky := ming (f(k) > no); hence: S. = Sy(eoy =1In(gq/p); S* = Sp(ky)-

Proof of Theorem E is obvious and immediately follows from Theorem D. For
example, validity of Proposition E1 could be proved like this:

Let f(i) = k;, ¢ € N. Since f(+) is strictly increasing on N, so is the sequence
(k;). According to Proposition D1, for m < 0, s,(p,q, A, B) is strictly increasing
for each n, n € N. We conclude that sg, (1) < sp,(5) < -+ < s, (+) < ---, Le.
Spy < Spe) < < Sy <o

Propositions E2,3 could be proved in a similar manner. m

For an illustration, we take sequences (a,), (b,) in the form of geometrical
progression, i.e. a, = pa™, b, =qa™; p<q, a>1;p,q,a € N.

ProprOSITION F. The sequence

(pa™,qa™) ! + ! + ! + 4 !
s(pa™,qa™) ;= —
pa.4q pa®™  pa®+1  pa™+ 2 qa™

is strictly decreasing for each n, n € N. Hence, s, = lim, s(-) = ln(q/p); s* =
s(pa, qa).

Proof. Put in Theorem E: A = p, B = ¢, f(n) = a™ — 1; then: m :=
p2B +1)—¢q(2A—-1) =p+q > 0; ¢ < 0; ng = 1; so, from Proposition E3 it
follows that the considered sequence is strictly decreasing for each n, n € N, and
conclusion follows. m

For the sake of completeness we note a possibility to prove (using Proposition
A), that the sequence (s(pa™, ¢b™)); a < b, pa < ¢b; a,b,p,q € N; is strictly
increasing for each n, n € N. Hence, in this case s, = s(pa, ¢b); s* = +0o0.
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