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AN APPLICATION FOR THE CHEBYSHEV POLYNOMIALS
Durde Cvijovi¢ and Jacek Klinowski

Abstract. Two sequences of polynomials for which all zeros, regardless of degree n, can be
given by the following “simple formulae”

I (€) = cot (M> and A, ,,(§) = tan (@) (0<é<l)

n

(n=12,...;m=0,1,...,n—1and m # (n — 1)/2 when £ = 1/2 and n is odd in the case of
A,,m,,) are obtained from the linear combination of the Chebyshev polynomials of the first and
second kind.

1. Introduction

In our recent work [1] on the Apostol formula for the Riemann zeta function [2]
the problem has arisen of the closed-form evaluation of the following finite cotangent

EEDT) o< )

qg—1
5,09 = T cor”
p=0
for any positive integer n. It appears that this sum is known only when n = 1,2,4
([3], Section 4.4.7 and [4], Sections 29.1 and 30.1). In this note we shall establish
a simple way of its summation. Namely, S, (¢;£) can be evaluated for any n by
using the Newton identities (the Newton power sum formulae), since there exist
the sequence of polynomials of which the numbers

cot<w> p=0,1,...,q—1

n

are zeros. The polynomials in question are constructed by making use of the Cheby-
shev polynomials of the first and the second kind. A similar procedure leads to the
analogous polynomials of which tan[({ + p)7/q] are zeros.
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2. Statement of results

Throughout the text T,(z) and U,(z) are, respectively, the Chebyshev poly-
nomials of the first and second kind defined on [—1, 1] by [5, p. 776]

n [2/2] L (n—k—1)!

T,.(x) = cos(n arccos r) = 5 kz::(] (-1) m(%)”’zk (2a)
and
_ sin((n + 1) arccosz) /2 . (n—k)! I
Un(z) = N = kgo(—l)km(%) k. (2b)

Further, [x] denotes the largest integer not exceeding x while the principal values
of arccotf and of arctanf are defined for any real § by 0 < arccotf < 7 and by
—m/2 < arctanf < w/2. Our results are as follows.

THEOREM. Assume that n is a positive integer and that & is a real, 0 < £ < 1.
Let T\, (z) and U,(x) be the Chebyshev polynomials defined in (2a,b). Consider

e = et (i) - IS ()] @

and

Then we have:

(1) C(x; &) and K,(x;€) are polynomials (with a parameter £) in a variable x,
defined for any real x, such that:

(a) the polynomials C,(x; &) are monic of degree exactly n, given by
n n 5
Culasé) = 3 () ent@am" (50)
k=0 k

(b) the polynomials K,(z;§) are of degree n — 1 when & = 1/2 and n is odd
and of degree n otherwise, and they are given by

Kofei6) = (e (5b)

Here, in (a) and (b), cx(§) has the same meaning:
c2r(§) = (=17, ezpq(§) = (=1)"Feot(n€)  (0<E<LreNo). (5

(2) For any fived n, all zeros of Cp(x;€) and K, (x,&) are respectively given
by:

(a) Fn,m(f) = cot <M

),m:0,17...7n—1;
n

(b) A, m(§) = tan <w>, m=20,1,....,n—1, m # (n —1)/2 when
E=1/2 and n is odd.
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3. Proof of the Theorem

(la) and (2a). In order to prove these two parts of the theorem, we derive the
following formulae for any real z
Co(z:€) = (1 + 22)"/?[cos(n arccot ) — cot(w€) sin(n arccot )] (6a)

= csc™(arccot x)[cos(n arccot z) — cot(w¢) sin(n arccot x)] (6b)

2l () pnon ‘ [(n-1)/2] k(" n—2k—1
B kz::o(_ ) <2k>x ~ cot(mt) 1;::0 =1 <2k+1>x (6¢)

on the assumption that arccot x takes its principal value.

First, in view of (3), the formula in (6a) readily follows since it is easy to show,
starting from the definitions of the Chebyshev polynomials in (2a,b) and using the
relationship cos® = cot f(1 4 cot? #)~1/2 that the following holds
_r ' (L)
V1+ 22 V1+ 22 nt V1422
for any real z. Moreover, the formula in (6b) follows at once from (6a), considering
that for any real # and integer r we have cscf = (1 + cot?>6)'/? when 6 # rr
(reZ).

Next, from (2a,b) we also have

cos(n arccotx) =T, ( ) , sin(narccotx) =

5 T n /2] n—k—1)!
(1 +x2)2Tn(T+_x2) = k:o(_l)ki(k! (nk_ 2;))!'(256)71—%(1 + a2k,

(7a)

N A G W e L PV e ok )| P TR PRPS
+a) P U(m=) = L OV om0 )

and it is thus clear that C,(z;&) (see (3)) are polynomials in x of degree n which
can be expressed in terms of the finite sums in (7a,b).

However, our polynomials can be represented in much simpler way as it is
suggested in (6¢). Indeed, note that the real and imaginary parts of z = (z + )"
are

Rez = (1 +22)*? cos(narccotz) and Imz = (1 + 22)"/?sin(n arccot z).

On the other hand, upon setting z* = (z — i)™ and making use of the binomial
theorem, we arrive at

o [n/2]
Res= 212 _ E(—l)k<n>x"2k,
2 k=0

z — Z* _ [(nfl)/2] _1 & n x’n72k71
2 =0 2k +1

Imz=

so that the formula in (6¢) and the proposed formula in (5a), as its immediate
consequence, follow without difficulty. It is obvious from (5a) that C,(z;§) are
monic polynomials of degree exactly n.
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Part (2a) is easily established by putting v = T',,,»(£) in (6b) and showing
that Cp (T 0 (€);€) =0 for any n and m =0,1,...,n — 1.

Observe first that in general if &k is an integer, then arccot(cotz) = x — km,
kr < < (k+1)m. Thus arccot(T'y 1, (€)) = (€ +m)m/n, since 0 < ({+m)m/n <7
(m =0,1,...,n — 1) provided that 0 < £ < 1. Hence, on setting x = I';, ,(§) in
(6b), we have after simplification

(E+m)m

CalTm(€56) = (=1)" 5" ( ) feos(n€) = cor()sin(e)] =
Since Cp(z;§) is of degree m, it has exactly n zeros, and so the numbers I'y, ,,(£)
(m = 0,1,...,n — 1) are all zeros of Cp,(z;£). In view of the properties of the
cotangent functions, these zeros are real and simple.

(1b), (2b). First, it can be shown working along the same lines as in the proof
of Part (1a) that for any real x we have

Ko (x;€) = (1 + 2%)"?[cos(n arctan ) — cot(r€) sin(n arctan )] (8a)

= sec”(arctan z)[cos(n arctan &) — cot(m&) sin(n arctan x)] (8b)

_ A k(™) g2k t [ /2] ne( " 241
B kgo(_ ) (2k>x —otrd) kgo = <2k+1>x (8¢)

if arctanz takes its principal value. To do this, we need the relationship cosf =
(14 cot? )~/ and to note that the use of z = (i +1)" leads to the desired result
in (8c).

Next, on rewriting (8c) the proposed formula for K, (z;&) in (5b) is obtained
and it is trivial to verify that the polynomials K, (x;¢) are not monic; they are of
degree exactly n —1 when £ = 1/2 and n is odd and of degree n otherwise. We also
have

K, (x;&) =2"C,(1/z;§). (9)

To prove Part (2b) recall that, in general, if zo is a non-vanishing zero of the
polynomial P,(z), then 1/z is a zero of the polynomial 2P, (1/z) (see for instance
[6], p. 180). Hence, because of (9) the zeros of K, (z;&) are the reciprocals of the
zeros of Cp(z;€), i.e. the reciprocals of ', ,,, (§). Clearly, the case when I',, ,,, () =0
must be excluded.

This completes the proof of the Theorem. m

4. Concluding remarks

An interesting application of the Chebyshev polynomials, which we have failed
to find in the literature (for instance, in the standard text on these “classical or-
thogonal polynomilas” [7]), is described in this note: two sequences of polynomials,
Cn(z;€) and K, (x;€), are obtained, for which all zeros, regardless of the degree,
can be given by a single “simple formula”. This porcedure, however, fails to give
similar polynomials when applied to the sine, cosine and their reciprocals.
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Recall that similarly all zeros 7,, and v,, of the Chebyshev polynomilas T, (z)
and U,(x) are also given by a “simple formula” (a single analytical expression)
[5, Entry 22.16.4] as follows:

(2m — )7 mm

Tin = COS ———— . U, = COS
" 2n o n+1

(m=1,2,...,n).

Several examples of C),(z;&) and K, (z;£), 0 < £ < 1, are:
Ci(z; &) = z — cot(w§), Ki(z;€) = —cot(wé)x + 1,

Cy(z;€) = 22 — 2 cot(né)x — 1, Ko(x;8) = —2® — 2cot(mé)z + 1,
C3(z;€) = 2% — 3cot(n&)a® — 3z + cot(r€),

K3(x;€) = cot(n&)z® — 302 — 3cot(mé)x + 1,

Cy(r; &) = 2* —4cot(7r§)x — 627 + 4cot(né)z + 1,

Ky(2;€) = 2* + 4 cot(n&)x® — 62 — 4cot(né)x + 1.

A straightforward consequence of the results is that the cotangent sum S, (¢;§) in
(1) is in fact the power sum of the zeros of Cy(z;&) and this enables the closed-
form evaluation of S, (g; &) for any n by using the Newton identities [8, p. 179], for
instance. This gives for example

S3(q;€) = ¢°(cot®(n€) + cot(n€)) — g cot(n€),
S5(q; €) = ¢°(cot’(n€) + 3 cot®(wE) + 5 cot(w§))
— ¢*(2 cot?(m€) + 2 cot?(m€)) + ¢ cot(mé).
Finally, note that the sums deduced here

[n/2] n @
_1\k n—2k _ 2\n/2
X (-1 <2k>x (1+ 22) Tn( 1+x2)

= (14 2?)"/? cos(n arccot z) = csc™(arccot z) cos(n arccot )

and
[(n—1)/2] n T
_1\k n—2k—1 _ 1 2\(n—1)/2 e -
= <2k+1>x (1+2% v 1(,/—1+x2>

= (14 22)"/? sin(n arccot z) = csc™(arccot z) sin(n arccot )

(see (3) in conjunction with (6)) are not listed in [3, section 10.28], the most exten-
sive compilation of sums, and in [4, Section 4.2.3]. It is interesting that Ramanujan
[9, Entry 21, p. 32] showed the polynomial nature of (1 4+ x2)™/?sin(n arctan z)
without deriving the summation formula

[(n=1)/2] . 1
_1\k 2k+1 _ 1 2\(n—1)/2
( <2k+1>x =l +o7) U”‘l( 1+x2)

k=0

(see (4) in conjunction with (8a) and (8c)).
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