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FUZZY STRONGLY PREOPEN SETS AND
FUZZY STRONG PRECONTINUITY

Biljana Krsteska

Abstract. A new class of generalized fuzzy open sets, called fuzzy strongly preopen sets
is introduced. Fuzzy strong precontinuous, fuzzy strongly preopen and fuzzy strongly preclosed
mappings between fuzzy topological spaces are defined. Their properties and the relationships
between these mappings and other mappings introduced previously are investigated.

1. Introduction

Since semiopen sets and their properties were introduced by Levine [3] in 1963,
many studies have been done on this topic. The preopen sets were introduced by
Mashour et al. [4] in 1982. The class of strongly semiopen sets was defined by
Njastad [5] in 1965.

The concept of fuzzy semiopen sets was first introduced by Azad [1]. Bai Shi
Zhong [7] and Singal [8] have introduced the fuzzy strongly semiopen sets and fuzzy
preopen sets. But in fuzzy topology there exist many classes of such sets, which
coincide if we consider them in ordinary topology.

In the Section 3 we introduce fuzzy strongly preopen sets and we study some
of their properties. Also we discuss the relationships between this class and the
classes defined previously. Using the fuzzy strongly preopen sets we introduce
the concept of fuzzy SPO-extremely disconnected space. In the Sections 4 and 6
we produce characterizing theorems for fuzzy strong precontinuous, fuzzy strongly
preopen and fuzzy strongly preclosed mappings. In the Section 5 we introduce the
notions of a fuzzy P-set and a fuzzy P-continuous mapping, and we prove that a
fuzzy mapping is continuous if and only if it is both fuzzy strong precontinuous and
fuzzy P-continuous. Our decomposition of fuzzy continuity is different from others
introduced previously.
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2. Preliminaries

Now we introduce some basic notions and results that are used in the sequel.

In this work by (X, 7) or simply by X we will denote a fuzzy topological space
(fts) due to Chang [2]. The interior, closure and the complement of a fuzzy set A
will be denoted by int A, cl A and A°, respectively.

DEFINITION 2.1. A fuzzy set A of an fts X is called:

(1) fuzzy semiopen if and only if A < cl(int A) [1];

(2) fuzzy preopen if and only if A < int(cl A) [6];

(3) fuzzy strongly semiopen if and only if A < int(cl(int A)) [7].

DEFINITION 2.2. A fuzzy set A of an fts X is called:

(1) fuzzy semiclosed if and only if A® is a fuzzy semiopen set of X [1];

(2) fuzzy preclosed if and only if A° is a fuzzy preopen set of X [6];

(3) fuzzy strongly semiclosed if and only if A° is a fuzzy strongly semiopen set
of X [7].

DEFINITION 2.3. [7] Let A be a fuzzy set of an fts X. Then,

pint A = \/{B | B < A, B is a fuzzy preopen set of X }, is called a fuzzy
preinterior of A [6];

pclA = A{B | B > A, B is a fuzzy preclosed set of X }, is called a fuzzy
preclosure of A [6];

ssint A =\/{B | B < A, B is a fuzzy strongly semiopen set of X }, is called a
fuzzy strong semi-interior of A [7];

ssclA=A{B| B > A, B is a fuzzy strongly semiclosed set of X }, is called a
fuzzy strong semiclosure of A [7].

THEOREM 2.1. Let A be a fuzzy set of an fts X, Then,

(1) pclA > AV cl(int A);

(2) pint A < A Aint(cl 4).

Proof. We will prove only the statement (1). Since pcl A is a fuzzy preclosed
set, we have cl(int A) < cl(int(pcl A)) < pcl A. Thus AV cl(int A) < pclA. m

In ordinary topology we have the relation pcl A = Avel(int A), so int(pcl A) =
int(cl(int A)). The next example shows that in fuzzy topology the equality may not
be satisfied.

EXAMPLE 2.1 Let X = {a,b,c} and A, B, C are fuzzy sets of X defined as it
follows:
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Let 7 ={0,A,B,AANB, AV B, 1}. By easy verification it can be seen that pclC' >
C Vcl(int C) and pint C° < C° Aint(cl C°).

The Theorem 2.1 gives the motivation to introduce the class which will be
discussed.

LEMMA 2.2. [7] Let A be a fuzzy set of an fts X. Then,
(1) pcl A¢ = (pint A)°;
(2) pint A° = (pclA)¢. m

LEMMA 2.3 [2] Let f: X — Y be a mapping. For fuzzy sets A and B of X
and 'Y respectively, the following statements hold:

(1) ff(B) < B;

(2) f7HF(A) > A;

(3) f(A%) = f(A):

(4) f7HB) = fH(B)

(5) if f is injective, then f~L1f(A) =

(6) if f is surjective, then ff~1(B )
(7) if f is bijective, then f(A°) = f(A )

DEFINITION 2.4 Let f: (X, 71) — (Y, 72) be a mapping from an fts (X, 1) into
an fts (Y, 72). The mapping f is called:

(1) fuzzy continuous if f~1(B) is a fuzzy open set of X, for each B € 7> [2];

(2) fuzzy semicontinuous if f~!(B) is a fuzzy semiopen set of X, for each
B ey [1];

(3) fuzzy precontinuous if f~!(B) is a fuzzy preopen set of X, for each B €
Ty [6];

(4) fuzzy strong semicontinuous if f~!(B) is a fuzzy strongly semiopen set of
X, for each B € 15 [7];

(5) fuzzy open (closed) if f(A) is a fuzzy open (closed) set of Y, for each A € 7
(A°emn) [2];

(6) fuzzy semiopen (semiclosed) if f(A) is a fuzzy semiopen (semiclosed) set
of Y, for each A € 7y (A° € 7p) [1];

(7) fuzzy preopen (preclosed) if f(A) is a fuzzy preopen (preclosed) set of V',
for each A € 7 (A° € 1) [6];

(8) fuzzy strongly semiopen (semiclosed) if f(A) is a fuzzy strongly semiopen
(semiclosed) set of YV, for each A € 1 (A° € 1) [1].

DEFINITION 2.5. [1] An fts (X, 71) is a product related to an fts (Y, 1) if for
fuzzy sets A of X and B of Y whenever C° > A and D¢ > B implies C°x1V1xD*® >
Ax B, where C € 11 and D € 13, there exist C1 € 71 and Dy € 7 such that Cf > A
or Df > Band Cf x1V1xD{=C°x1Vv1x D"
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LEMMA 2.4. [1] Let X and Y be fts’s such that X is product related to Y.
Then for fuzzy sets A of X and B of Y,

(1) cl(A x B) =clA x cl B;
(2) int(A x B) =int A X int B. m

REMARK. The relation int(4A x B) = int A x int B holds for any fuzzy topo-
logical spaces X and Y, not only in the case when the spaces are product related.

LeEmMA 2.5. [1] Let g: X — X X Y be the graph of a mapping f: X =Y. If
A is a fuzzy set of X and B is a fuzzy set of Y, then g Y (Ax B) = AA f1(B). m

3. Fuzzy strongly preopen sets and fuzzy strongly preclosed sets

DEFINITION 3.1. A fuzzy set A of an fts X is called a fuzzy strongly preopen
set if and only if A < int(pcl A).

The family of all fuzzy strongly preopen sets of an fts (X, 7) will be denoted
by FSPO(r).

LEMMA 3.1. Let A be a fuzzy set of an fts X. Then the following properties
hold:

(1) int(pcl A) < int(cl A);

(2) int(pcl A) > int(cl(int A)).

Proof. (1) Tt follows from the relation pcl A < cl A, for any fuzzy set A of X.

(2) From Theorem 2.1 we have int(pcl A) > int(AVecl(int A)) > int(cl(int A)). m

<
2

THEOREM 3.2. Let X be an fts. Then the following statements hold:
(1) every fuzzy open set is a fuzzy strongly preopen set;
(2) every fuzzy strongly semiopen set is a fuzzy strongly preopen set;

(3) every fuzzy strongly preopen set is a fuzzy preopen set.
Proof. It follows easily from Lemma 3.1. m

EXAMPLE 3.1. Let (X, 7) and C are defined as in Example 2.1. Then C is a
fuzzy strongly preopen set, but C' is not a fuzzy strongly semiopen set. If we choose
71 ={0,B,1}, then A is a fuzzy preopen set which is not fuzzy strongly preopen.

REMARK. From the example above it is not difficult to conclude that a fuzzy
preopen set may be not a fuzzy strongly preopen set, and a fuzzy strongly preopen
set may be not a fuzzy strongly semiopen set. Also the classes of fuzzy strongly
preopen sets and fuzzy semiopen sets are independent.

DEFINITION 3.2. Let A be a fuzzy set of an fts X. Then A is called a fuzzy
strongly preclosed set if and only if A€ is a fuzzy strongly preopen set of X.

The family of all fuzzy strongly preclosed sets of an fts (X, 7) will be denoted
by FSPC(T).
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THEOREM 3.3. Let A be a fuzzy set of an fts (X, 7). Then A is a fuzzy strongly
preclosed set if and only if cl(pint A) < A.

Proof. Let A be a fuzzy strongly preclosed set. Then A€ is a fuzzy strongly
preopen set. From the relation A° < int(pcl A%), we have A > cl(pint A).

Conversely, let A be a fuzzy set such that A > cl(pint A). From the relation
A° < int(pcl A°) it follows that A€ is a fuzzy strongly preopen set. Hence, A is a
fuzzy strongly preclosed set. m

LEMMA 3.4. Let {An}acs, be a family of fuzzy sets of an fts X. Then
\/aEI pel(4a) < pCl(\/aEI Aa)-

Proof. Since pcl(Aq) < pel(V ,c; Aa), for each a € I, the conclusion follows. m

THEOREM 3.5. (1) Any union of fuzzy strongly preopen sets is a fuzzy strongly
preopen set.

(2) Any intersection of fuzzy strongly preclosed sets is a fuzzy strongly preclosed
set.

Proof. (1) Let {As}aer be any family of fuzzy strongly preopen sets. For
each a« € I, A, < int(pclA,). Hence form Lemma 3.4 we have \/__.;A, <

Ve int(pel o) < int(pel(V,,c; Aa)).

(2) Let {Aq }aer be any family of fuzzy strongly preclosed sets. Thus {AS }aer

is a family of fuzzy strongly preopen sets. According to (1), V,c; Ag is a fuzzy

strongly preopen set. From (\/,.; A5)° = A,c; Ao We obtain the conclusion. m

o€l

REMARK. The intersection (union) of two fuzzy strongly preopen (preclosed)
sets may not be fuzzy strongly preopen (preclosed). Even the intersection (union)
of a fuzzy strongly preopen (preclosed) set with a fuzzy open (closed) set may fail
to be a fuzzy strongly preopen (preclosed) set. We can verify this conclusion if we
consider the fts (X, 7) in Example 2.1. The fuzzy set D defined as

D(a) =04, D(b)=0,2, D(c)=0,8
is a strongly preopen set, but B A D is not a fuzzy strongly preopen set of (X, 7).
Also B¢V D¢ is not a fuzzy strongly preclosed set of (X, 7).
DEFINITION 3.3. Let A be a fuzzy set of an fts X.

(1) The union of all fuzzy strongly preopen sets contained in A is called the
fuzzy strong preinterior of A, denoted by spint A.

(2) The intersection of all fuzzy strongly preclosed sets containing A is called
the fuzzy strong preclosure of A, denoted by spcl A.
THEOREM 3.6. Let A and B are fuzzy sets of an fts X. Then:

(1) int A < spint A < A4; A < spcl A < c A4
(2) spint A € FSPO(T); spcl A € FSPC(7);
(3) A€ FSPO(r) <= A = spint 4; A e FSPC(r) <= A =spcl 4;
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(4) A< B = spint A < spint B; A< B = spc A < spcl B;
(5) spint(spint A) = spint A; spcl(spcl A) = spcl 4;

(6) spint A A spint B > spint(A A B); spcl AV spel B < spcl(A V B);
(7) spint A V spint B < spint(A V B); spcl(A A B) < spcl A A spcl B;
(8) spint X = X; spclo = 2.

Proof. It follows from Definition 3.3 and Theorem 3.5. m

THEOREM 3.7. (1) A fuzzy set B of an fts X is fuzzy strongly preopen if and
only if there exists a fuzzy set A of X such that A < B < int(pcl A).

(2) A fuzzy set B of an fts X is a fuzzy strongly preclosed set if and only if
there exists a fuzzy set A of X such that cl(pint A) < B < A.

Proof. We prove only the statement (1). Let B be a fuzzy set of X. If a fuzzy
set A of X such that A < B < int(pcl A) exists, then B < int(pcl A) < int(pcl B).
Thus B is a fuzzy strongly preopen set.

Conversely, if B is any fuzzy strongly preopen set, then the result follows for
A=B.m

The next statement gives the relationship between the operators of fuzzy strong
preinterior and fuzzy strong preclosure.

THEOREM 3.8. Let A be a fuzzy set of an fts X. Then:

(1) spcl A = (spint A)¢;

(2) spint A¢ = (spcl A)°.

Proof. (1) (spint A)° = (\V{d|d < A,d € FSPO(r) })c =AN{d°|d< A de
FSPO(T)}=N{c|c> A° ce FSPC(t) } = spcl A°.

(2) (spcl A)¢ = (spcl(A©)©)° = ((spint A¢)¢)¢ = spint A°. m

THEOREM 3.9. Let A be a fuzzy set of an fts X. Then

int A <ssint A < spint A < pint A< AL pclA <speld <ssclAd < clA.

Proof. 1t follows from the definitions of corresponding operators. m

THEOREM 3.10. Let A be a fuzzy set of an fts X.

(1) If A is a fuzzy strongly preopen set, then pcl A = cl A.
(2) If A is a fuzzy strongly preclosed set, then pint A = int A.
Proof. We prove only the statement (1). Let A be any fuzzy strongly preopen

set. From A < int(pcl A) we obtain cl A < cl(int(pcl A)) < pcl A. This relation
together with the evident relation cl A > pcl A gives the conclusion. m

The following theorem considers the operators of fuzzy strong preinterior and
fuzzy strong preclosure and relates them with other operators.
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THEOREM 3.11. Let A be a fuzzy set of an fts X. Then

(1) spint A < A Aint(pcl A);

(2) spcl A > AV cl(pint 4).

Proof. We prove only the statement (1). Since spint A € FSPO(7), we have

spint A < int(pcl(spint A)) < int(pcl A). This relation together with the evident
relation spint A < A gives the conclusion. m

Based on the concept of fuzzy extremely disconnected space we produce the
concept of fuzzy SPO-extremely disconnected space.

DEFINITION 3.4. An fts X is fuzzy SPO-extremely disconnected if and only if
spcl A is a fuzzy strongly preopen set, for each fuzzy strongly preopen set A of X.

The following statement gives an interesting characterization of these spaces.

THEOREM 3.12. Let X be an fts. Then the following statements are equivalent:
(i) X is SPO-extremely disconnected;

(i) spint A is a fuzzy strongly preclosed set, for each fuzzy strongly preclosed
set A of X;

(iii) spcl(spcl A)¢ = (spcl A)¢, for each fuzzy strongly preopen set A of X ;

(iv) B = (spcl A)¢ implies spcl B = (spcl A)¢, for each pair of fuzzy strongly
preopen sets A, B of X.

Proof. (i) = (ii). Let A be a fuzzy strongly preclosed set of X. Then A€
is a fuzzy strongly preopen set. According to the assumption, spcl A¢ is a fuzzy
strongly preopen set, so spint A is a fuzzy strongly preclosed set of X.

(il) = (iii). Suppose that A is a fuzzy strongly preopen set. Then
spcl(spel A)¢ = spcl(spint A°). According to the assumption, spint A¢ is a fuzzy
strongly preclosed set, so spcl(spint A¢) = spint A° = (spcl A)°.

(ilil) = (iv). Let A and B be fuzzy strongly preopen sets of X such that
B = (spcl A)¢. From the assumption we have spcl B = spcl(spcl A)¢ = (spcl A)°.

(iv) = (i). Let A be a fuzzy strongly preopen set of X. We put B =
(spcl A)¢. From the assumption we obtain that spcl B = (spcl A)¢, so (spcl B)® =
spcl A. Hence spint B¢ = spcl A. Thus spcl A is fuzzy strongly preopen set of X. m

THEOREM 3.13. Let X and Y be fts’s such that X is product related to Y.
Then the product A X B of a fuzzy strongly preopen set A of X and a fuzzy strongly
preopen set B of Y is a fuzzy preopen set of the fuzzy product space X X Y.

Proof. Since A and B are fuzzy strongly preopen sets, A < int(pcl A) and
B < int(pcl B). From Lemma 2.4 and Theorem 3.10 we obtain A x B < int(pcl A) x
int(pel B) = int(pcl A x pcl B) = int(cl A x cl B) = int(cl(A x B)), which shows
that A x B is a fuzzy preopen set. m



118 B. Krsteska

4. Fuzzy strong precontinuity

DEFINITION 4.1. A mapping f: (X,71) — (Y, 72) from an fts X into an fts ¥
is called fuzzy strong precontinuous if f~1(B) € FSPO(r) for each B € 73.

The implications contained in the following diagram are true.

fuzzy continuity fuzzy strong semicontinuity
U U
fuzzy strong precontinuity
U

fuzzy precontinuity
The following example shows that reverse may not be true.

ExaMPLE 4.1. We consider Example 3.1. If we put » = {0, 4,1} and f =
id: (X, 7)) — (X, 72) we conclude that f is fuzzy precontinuous but f is not a fuzzy
strong precontinuous mapping. If we choose 13 = {0, C, 1}, then f =id: (X,7) —
(X, 73) is fuzzy strong precontinuous, but f is neither fuzzy continuous nor fuzzy
strong semicontinuous.

THEOREM 4.1. Let f: (X, 7)) — (Y, 72) be a mapping from an fts (X, 1) into
an fts (Y, m2). Then the following statements are equivalent:
(i) f is a fuzzy strong precontinuous mapping;

(ii) fY(B) is a fuzzy strongly preclosed set of X, for each fuzzy closed set B
of Y

’(iii) f(spcl A) < cl f(A), for each fuzzy set A of X;

(iv) spel f~Y(B) < f~Y(cl B), for each fuzzy set B of Y ;
(v) f~(int B) < spint(f~1(B)), for each fuzzy set B of Y ;
(

vi) there is a base B for T such that f~Y(B) is a fuzzy strongly preopen set
of X for each B € (3;

(vii) there is a base (3 for T such that f~1(B) is a fuzzy strongly preclosed set
of X for each B¢ € 3.

Proof. The proof is standard and therefore omitted. m

THEOREM 4.2. Let f: X — Y be a mapping from an fts X into an fts Y.
Then the following statements are equivalent:

(i) f is a fuzzy strong precontinuous mapping;

(ii) cl(pint f~1(B)) < f~(cl B), for each fuzzy set B of Y ;

(iii) f(cl(pint A)) < cl f(A), for each fuzzy set A of X.

Proof. The proof is standard and therefore omitted. m

THEOREM 4.3. Let f: X — Y be a bijective mapping from an fts X into

an fts Y. The mapping [ is fuzzy strong precontinuous if and only if int f(A) <
f(spint A), for each fuzzy set A of X.
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Proof. We suppose that f is fuzzy strong precontinuous. For any fuzzy set A
of X, f~1(int f(A)) is a fuzzy strongly preopen set. From Theorem 4.1 and the fact
that f is injective we have f~!(int f(A)) < spint f~!(int f(A)) < spint f L1 f(A) =
spint A. Again, since f is surjective, we obtain int f(A) = ff~(int f(4)) <
f(spint A).

Conversely, let B be a fuzzy open set of Y. Then int B = B. According
to assumption, f(spint f~1(B)) > int ff~'(B) = int B = B. This implies that
f L f(spint(f1(B))) > f(B). Since f is injective we obtain spint f}(B) =
ftf(spint f~1(B)) > fY(B). Hence spint f }(B) = fY(B), so f}(B) is a
fuzzy strongly preopen set. Thus f is fuzzy strong precontinuous. m

THEOREM 4.4. Let f: X — Y and g: Y — Z be mappings, where X, Y and
Z are fts’s. If f is fuzzy strong precontinuous and g is fuzzy continuous, then gf
is fuzzy strong precontinuous.

Proof. It follows from the relation (¢f)~*(B) = f~!(¢7*(B)), for each fuzzy
set Bof Z.m

COROLLARY 4.5. Let X, X1 and X2 are fuzzy spaces and p;: X1 X Xo — X;
(i = 1,2) are the projections of X1 x Xo onto X;. If f: X — Xy x Xy is fuzzy
strong precontinuous, then p; f are also fuzzy strong precontinuous mappings.

Proof. Tt follows from the fact that p; (i = 1,2) are fuzzy continuous map-
pings. m

THEOREM 4.6. Let X1, X2, Y7 and Yy be fts’s such that X is product related
to Xo. Then the product fi X fo: X1 x Xo — Y1 X Y5 of fuzzy strong precontinuous
mappings f1: X1 — Y1 and fa: Xo — Y5 is a fuzzy precontinuous mappings.

Proof. Let B = \/(Uy x V3), where U, and Vs are fuzzy open sets of Y}
and Y» respectively. From (f; x f2)"H(B) = V/(f; *(Ua) x £, *(V;)) it follows that
(f1x f2)~1(B) is a fuzzy preopen set as a union of product of fuzzy strongly preopen
sets. m

THEOREM 4.7. Let f: X — Y be a mapping from an fts X into an fts Y. If
the graph g: X — X XY of f is fuzzy strong precontinuous, then f is fuzzy strong
precontinuous.

Proof. From Lemma 2.5, for each fuzzy open set B of Y, f~1(B) = 1 A
f~Y(B) = ¢ (1 x B). Since g is fuzzy strong precontinuous and 1 x B is a fuzzy
open set of X x Y, f~1(B) is a fuzzy strongly preopen set of X, so f is fuzzy strong
precontinuous. m

5. Decomposition of fuzzy continuiuty

DEFINITION 5.1. A fuzzy set A of an fts X is called a P-set if and only if
A=UAC, where U € 7 and C is a fuzzy preclosed set of X.
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THEOREM 5.1. A fuzzy set A of an fts X is open if and only if it is both a
fuzzy strongly preopen set and a P-set.

Proof. Let A be a fuzzy open set of X. Then from A = A A X follows that A
is a fuzzy P-set. Also A is a fuzzy strongly preopen set by Theorem 3.2(1).

Conversely, let A be both a fuzzy P-set and a fuzzy strongly preopen set. Then
A <int(pclA) and A =U A C, where U € 7 and C is fuzzy preclosed. Therefore

UAC <int(pel(U A C)) <int(pclU A pcl C) = int(pel U) A int(pcl C)
= int(pclU) Aint C.
Hence UNC = (UAC) AU < int(pclU) Aint C AU = U Aint C. Noticing that

UANCZ>ZUAintC, we obtain U AC =U Aint C, thus A = U A C is a fuzzy open
set. m

DEFINITION 5.2. A mapping f: (X, 71) — (Y, 7) is called fuzzy P-continuous
if f~1(B) is a fuzzy P-set for each B € 7.

According to Theorem 5.1, we have the following decomposition of continuity.

THEOREM 5.2. A mapping f: X — Y is fuzzy continuous if and only if it is
both fuzzy strong precontinuous and fuzzy P-continuous. m

6. Fuzzy strongly preopen and fuzzy strongly preclosed mappings

DEFINITION 6.1 A mapping f: (X, 1) — (Y, 72) is called:
(1) fuzzy strongly preopen if f(A) € FSPO(r2) for each A € 1;
(2) fuzzy strongly preclosed if f(A) € FSPC(72) for each A° € 7.

We have the following diagram of implications:

fuzzy open (closed) mapping fuzzy strongly semiopen (semiclosed) mapping
U U
fuzzy strongly preopen (preclosed) mapping
U

fuzzy preopen (preclosed) mapping
The following example shows that reverse may not be true.

ExAMPLE 6.1. We consider Example 4.1. The mapping f = id: (X,73) —
(X, 7) is fuzzy strongly preopen (preclosed) but it is not fuzzy strongly semiopen
(semiclosed). Also, f is not fuzzy open (closed). Similarly, the mapping f =
id: (X,79) — (X, 7) is fuzzy preopen (preclosed), but it is not fuzzy strongly
preopen (preclosed).

THEOREM 6.1. Let f: (X, 71) — (Y, 72) be a mapping from an fts X into an
fts Y. Then the following statements are equivalent:

(i) f is a fuzzy strongly preopen mapping;
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(ii) f(int A) < spint f(A), for each fuzzy set A of X;

(iii) int f=1(B) < f~(spint B), for each fuzzy set B of Y ;

(iv) f~Y(spcl B) < cl f=Y(B), for each fuzzy set B of Y ;

(v) there is a base a for 7 such that f(A) is fuzzy strongly preopen set of Y
for each A € a.

Proof is standard and therefore omitted. m

THEOREM 6.2. A mapping f: X — Y from an fts X into an fts Y is fuzzy
strongly preclosed if and only if spcl f(A) < f(cl A) for each fuzzy set A of X.

Proof is standard and therefore omitted. m

THEOREM 6.3. Let f: X — Y be a bijective mapping from an fts X into an
fts Y. Then f is fuzzy strongly preopen if and only if it is fuzzy strongly preclosed.

Proof. 1t follows from Lemma 2.3. m

COROLLARY 6.4. Let f: X —Y be a bijective mapping from an fts X into an
fts Y. Then f is fuzzy strongly preopen if and only if spcl f(A) < f(cl A) for each
fuzzy set A of X.

COROLLARY 6.5. Let f: X — Y be a bijective mapping from an fts X into an
fts Y. Then the following statements are equivalent:

(i) f is a fuzzy strongly preclosed mapping;

(ii) f(int A) < spint f(A), for each fuzzy set A of X;

(iii) int f=1(B) < f~(spint B), for each fuzzy set B of Y ;

(iv) f~Y(spcl B) < cl f=Y(B), for each fuzzy set B of Y ;

(v) there is a base a for 11 such that f(A) is fuzzy strongly preclosed set of Y
for each A° € . m

THEOREM 6.6. A mapping f: X — Y from an fts X into an fts Y is fuzzy
strongly preopen if and only if f(int A) < int(pcl f(A)), for each fuzzy set A of X.

Proof. We suppose that f is a fuzzy strongly preopen mapping. For any
fuzzy set A of X, f(int A) is a fuzzy strongly preopen set of Y. Thus f(int A) <
int(pel f(int A)) < int(pel f(A4)).

Conversely, let A be a fuzzy open set of X. From f(A) = f(intA) <
int(pcl f(A)), we conclude that f is a fuzzy strongly preopen mapping. m

THEOREM 6.7. A mapping f: X — Y from an fts X into an fts Y is fuzzy
strongly preclosed if and only if cl(pint f(A)) < f(cl A), for each fuzzy set A of X.

Proof. It can be proved in a similar manner as Theorem 6.6. m

THEOREM 6.8. Let f: X — Y be a mapping from an fts X into an fts Y.

(1) If f(int(pcl A)) < int(pcl f(A)), for each fuzzy open set A of X, then f is
a fuzzy strongly preopen mapping.
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(2) If f(cl(pint A)) > cl(pint f(A)), for each fuzzy closed set A of X, then f
is a fuzzy strongly preclosed mapping.

Proof. We prove only the statement (1). Let A be any fuzzy open set of
X. Then A < int(pcl A). According to the assumption f(A) < f(int(pcl A)) <
int(pcl f(A)), so f(A) is a fuzzy strongly preopen set of Y. m

THEOREM 6.9. Let f: X — Y be a mapping from an fts X into an fts Y.
Then f is fuzzy strongly preopen if and only if for each fuzzy set B of Y and each
fuzzy closed set A of X, f~Y(B) < A, there exists a fuzzy strongly preclosed set C
of Y such that B < C and f~1(C) < A.

Proof. Let B be any fuzzy set of Y and A be a fuzzy closed set of X such
that f~1(B) < A. Then A° < f~1(B°), or f(A°) < ff1(B°) < B°. Since A° is a
fuzzy open set, f(A°) is a fuzzy strongly preopen set, so f(A°) < spint B¢. Hence
A < f7HF(AC) < f~Y(spint B¢). Thus A > f~!(spint B)¢ = f~1(spcl B). The
result follows for C' = spcl B.

Conversely, let U be a fuzzy open set of X. We show that f(U) is a fuzzy
strongly preopen set. From U < f~l1f(U) follows that U¢ > (f~1f(U))c >
fLf(U)® where U€ is a fuzzy closed set of X. Hence there is a fuzzy strongly
preclosed set B of Y such that B > f(U)¢ and f~'(B) < U¢. From B > f(U)°
follows B > spcl(f(U)¢), so B¢ < (spel f(U)¢)¢ < spint f(U). From f~*(B) < U*®
we obtain f~1(B¢) > U, so B¢ > ff 1(B¢) > f(U). Hence f(U) = spint(f(U)).
Thus f(U) is a fuzzy strongly preopen set, so f is a fuzzy strong preopen mapping. m

COROLLARY 6.10. If f: X — Y is a fuzzy strongly preopen mapping, then:
(i) f~Y(cl(pint B)) < cl f=Y(B) for each fuzzy set B of Y ;

(i) f~1(cI B) < cl f~Y(B) for each fuzzy preopen set B of Y.

Proof. (i) Let B be a fuzzy set of Y. Then cl f~1(B) is a fuzzy closed

set of X containing f~'(B). According to Theorem 6.9 there exists a fuzzy
strongly preclosed set C' of Y, B < C, such that f~1(C) < clfY(B). Thus

f7H(el(pint B)) < £~ (el(pint ©)) < f7H(C) < el f7H(B),
(ii) It follows immediately from (i). m

THEOREM 6.11. Let f: X — Y be a mapping from an fts X into an fts Y.
Then f is fuzzy strongly preclosed if and only if for each fuzzy set B of Y and each
fuzzy open set A of X, when f~1(B) < A, there emists a fuzzy strongly preopen set
C of Y such that B < C and f~1(C) < A.

Proof. It can be proved in a similar manner as Theorem 6.9. m

THEOREM 6.12. Let f: X — Y and g: Y — Z be mappings, where X, Y and
Z are fts’s. If g is fuzzy strongly preopen (preclosed) and f is fuzzy open (closed),
then gf is fuzzy strongly preopen (preclosed).

Proof. For any fuzzy open (closed) set A of X, it holds (gf)(A) = g(f(A)).
Since f is a fuzzy open (closed) mapping and g is fuzzy strongly preopen (preclosed),
we obtain that (gf)(A) is a fuzzy storngly preopen (preclosed) set of Z. m
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