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SOME MEAN VALUE THEOREMS
IN TERMS OF AN INFINITESIMAL FUNCTION

Branko J. Malesevié

Abstract. In this paper we survey some mean value theorems in terms of an infinitesimal
function.

1. Introduction

Let f: [a,b] — R be a function which is differentiable in a segment [a, b] and
differentiable arbitrary number of times in a right neighbourhood of the point z = a.
According to the following relation:

Ay = f(z) = f(a) = f'(a)(z — a) + a(z)(z — a),
where lim,_,, a(z) =lim,_, .4 a(x) =0, let us introduce the function a; with:

def{ f@)=/a) _ f1g), z€ (a,b]

aq(z) = e—a (1)

0, rT=a
Tt is true that:
z)— f(a) — f'(a)(z —a HNa,z
ey = @ = 1@ - @) - @) _ R

r—a r—a r—a

(z # a),
2)
where R} (a,z) is the remainder of the second order in Taylor’s formula. Then,

on(2) —anla) _ . f(z) = f(a) = f'(@)(w — )

aj(a) = lim

T—a Tr—a rT—a ((I; —_ a)2
T ]“(x>_fl(a)_1 "
_zh—rgz 2(:1;_(1) - 2f (a‘)
We generalize this by induction as:
(M) — L ent)
o{(@) = — £ a), 3)

for an arbitrary n € N. The given formula is also a corollary of [3].
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Let us introduce analogously:

def w —ai'(a), xe€(a,b]
as(z) = { 0 v —a (4)
It is true that
_ aq(x) —ai(a) p
o) ==y mg ol
_ f(@) ~ f(a) f’(a()ix_; 312) — 3@ —a)® _ Zf <_a:)g> (z #a),

where Rg (a,z) is the remainder of the third order in Taylor’s formula. According
to the formula (3) the following formula for n*® derivative is true:

My L (i) _ 1 (n+2)
@2 (a)_n-i-lal (a)_(n+1)(n+2)f (@),

Next, let us introduce a sequence of functions:

of [ Cx@=owl@) _ rig) oz (a,b
ak+1($) d:f{ o T—a Ic( )7 N _(a'a ]

For the function «ay, let us assume:
1

ol (@) = (n+1)(n+2)---(n+ k)f(n+k)(a) (nen)

and ai(x) = R£+1(a,a:)/(x —a)k (x # a), where R£+1(a,x) is the remainder of
(k+1)* order in Taylor’s formula. Then, according to the formula (3) and inductive
assumption for k, we have:

1

(), (0) = ——a{™V(a) = fH @) (6)

Qp iy T n41 0k (n+1)(n+2)---(n+k+1)
and
() = B 2@ oy )
RS (a,z) —0— %f(kﬁl)(a) (z — a)k-{-l Rf (a,)
== (yillym = (x’“fa‘;kfl (a # a),

(7)
where R£ 42 is the remainder of (k + 2)th order in Taylor’s formula.

2. Mean value theorems

Flett’s theorem. We determine the conditions which are sufficient for the
existence of the point £ € (a,b) in which the function a; has an extreme value
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and the equality o} (§) = 0 is true. The reflection of the previous equality on the
function f is Flett’s equality:

1oy = S8 = fla)
(€= T t—a (8)
Namely, Flett [1] has proved that the condition:
f'(a) = f'(b) (9)

is sufficient for the existence of the point £ € (a,b) so that (8) is true. Besides the
previous condition, it is shown that the conclusion of the Flett’s Theorem is true
under the other conditions, as well. The following statement is true.

THEOREM. If one of the following two conditions is true:

af(b) - ay(b) <0, Ty -condition; (10)
and
af(a) - ap(b) <0 M -condition; (11)
then there exists a point £ € (a,b), such that the following holds:
— fla
ro=18=1, (12)

If both of the conditions (10) and (11) are fulfilled, then there exists at least two
points & € (a,b), such that the following holds:

[ _f(gi)_f(a) .
(&) = T fi—a (1=1,2). (13)

Proof. From the condition of the corollary 3 of the theorem 2 [4]:
aj(a)ar(b) —ai(a)] <0, and o) (b)[a1(b) —ai(a)] <O, (14)
we obtain the T; and M; conditions:
ai(a) - ad) <0, and of(b)-ad) <0, (15)

respectively. According to the second part of the stated corollary for r = a the point
& € (a,b) exists, for which o} (&) =0, ie. f/(&) = H&2)=F(a) . while for r = b the

Ea—a
point & € (a,b) exists, for which o (&) = 0, ie. f'(&) = W If both of
the stated conditions (10) and (11) are fulfilled (T;-Mj-condition), according to
the first part of the stated corollary, then two points &; € (a,b) exist, for which
al(&) =0, ie. (&) = L (1=1,2).m

We give extensions of the previous conditions on function «,,, with the suitable
conclusions.
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COROLLARY 1 (T,-condition). By applying T;-condition on function a,, we
get T, -condition. Thus, the following implication is true:

ap(b) - an(b) <0 = (3¢ € (a,0)) 0, (§) = 0. (16)

The reflection of the previous relation on the original function f is given by impli-
cation:

n—1 e . ’ 1
(Z_: %%(b_ a)g—l + f (b)+(nn—1)f (a) _ f(bl)):i(a)) . R£+1(a’b) <0
n=1 I ' ! )
— (35 c (a,b)) w =Y (1- %)f]_'(“)(g —a)yi~l 4 f (£)+(nn—1)f (a)

i=2

For n =1,2,3 we get the corresponding implications:

(f'(a) — LO=HD) - (/) — =LY > 0 = (3¢ € (a,b)) L= = f/(¢),

(18)
(f (b)-l2-f (a) _ f(bl);i(a)) 'Rg(a,b) <0 = (3¢ € (a,b) f(§ f(a) _f (5)-12-1” (a)
(19)
and
(f 6(a)(b —a)+ f (b)+32f (a) f(bl)):i’(a)) -R‘{(a,b) <0 20)

= (3¢ € (a,b)) f(fg:i(a) _f (5)4:‘32f (a) 4 f éa) (E—a). =
Implication (18) is actually Trahan’s Theorem [2].

COROLLARY 2 (M,,-condition). By applying M;-condition on function a, we
get M,,-condition. Thus, the following implication is true:

ap(a) - an(b) <0 = (3¢ € (a,b)) af,(§) =0. (21)

The reflection of the previous relation on the original function f is given by impli-
cation:

F+9a) - RY, (a,0) <0 = (22)

a ) (g - , R
(3¢ € (a,b)) f(§ ()_ E(l—%)fj—!()(f—a)J 1+f(§)+(n1)f( )|

=2
For n =1,2,3 we get the corresponding implications:

f(&) = f(a)

£(@) - Rf(a,b) <0 = (3 € (1) 2 -r©, o)

and

V(@) - R{(a,b) < 0 => (3¢ € (a,b)) L8210 = [OE21Ma) 4 el e ) m
(25)
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Implication (23) provides one more sufficient condition that the conclusion of
the Flett’s Theorem is true.

Taylor’s theorem. On the basis of Taylor’s expansion of the function f with
the remainder in Peano’s form:

fla+Ar) = fa) = & LHE A +o((Aa)™).

(k) (g e
using the equality %—l =ao) (), k=1,....,m A opa) Lef f'(a), we get the

other formulation of the Taylor’s expansion:
fla+Az) - f(a) = kzl aj_1(a) (Az)* +o((Az)™).

Hence, we get a geometric interpretation of the coefficient of the k" order of the
Taylor’s expansion as the slope of the tangent function a1 at the point Afa,0].
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